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The INTRODUCTION. 


O wild and extravagant have been the 
Notions of a great Part of Philoſophers, 
both Ancierit and Modern, that it is 

hard to determine, whether they have 

been more diſtant in their Sentiments from 

Truth, or from one another; or have not ex- 

ceeded the Fancies of the moſt fabulous Wri- 

ters, even Poets and Mythologiſts. This was ow- 
ing to a precipitate Proceeding in their ſearch- 
ing into Nature, their neglecting the Uſe of 

Geometry and Experiment, the moſt neceſſary 

Helps to the finding out Cauſes; and propor- 

tioning them to their Effects. | 


Tur Manner of Philoſophizing among the 
Ancients was to aſcribe to Bodies certain arbi- 


trary - 
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2 The 1 YVTRODUCTION 


trary Properties, ſuch as beſt ſerv d their Purpoſe 
in accounting for the Phænomena * of Nature; 
from whence proceeded ſo many various Sects 
of Philoſophers; every one aſſigning a different 
Cauſe to the ſame Appearance, as his particular 
Genius and Imagination led him. | 


Tas chief Agreement Gbſervable among 
moſt. of them, conſiſts in this, vis. that they 
conceived all Bodies, as Compoſitions of Air, 
Earth, Fire, and Water, or fome one or more 
of them, from whence they acquired the 
Name of Principles or Elements, which they 
ſtill retam. | SY 


FpiCcuRvs adyanc'd a little farther, and aſ- 
ſerted, that though Bodies conſiſted of ſome 
one or more of theſe, yet that they wee not 
ſtrictly Elements, but that theſe themſelves con- 
ſiſted of Atoms; by an accidental Concourſe 

ol which, (as they were moving through infinite 
Space in Lines nearly parallel) all Things re- 
ceived their Form and Manner of Exiſtence f. 


| Des Caxres has contriyed an Hypotheſis 
very different from the reſt; he ſets out witha 


*. By a Phznomenon of Nature, is meant any Motion or Si- 
tuation of Bodies among one another, which offers itſelf to the 
Notice of our Senſes, and is not the immediate Reſult of the Ac- 

tion of an intelligent Being ! 
I For the Opinions of the Ancient Philoſophers, conſult Dia- 
genes, Latrtins, and Stanley's Lives. © | 1.7117 

EN? Suppo- 


The INTRODUCTION. 3 
Suppoſition that the Univerſe at firſt was entire- 
ly full of Matter, that, from this Matter when 
firſt put in Motion, there would neceſſarily be 
rubbed off (by the grinding of the ſeveral Parts 
one againſt another) ſome Particles ſufficient! 
fine to paſs through the hardeſt and moſt ſolid 
Bodies without meeting with any Reſiſtance : 
of theſe conſiſts his Materia ſubtilis, or Mate- 
ria primi Elementi. He imagined that from 
hence alſo would reſult other Particles of a glo- 
bular Form, to which he gave the Name of 
Materia en Elementi. Thoſe which did not 
ſo far loſe their firſt Figure, as to come under 
the Denomination of Materia primi or ſecundi 
Elementi, he called Materia tertiy Elementi; 
and maintain'd that all the Variety, which ap- 
pears in natural Bodies, was owing to different 
Combinations of thoſe Elements. 


He likewiſe ſuppoſes that God created a 
certain Quantity of Motion, and aſſigned it 
to this Maſs of Matter, and that That Mo- 
tion ( being once created ). could no more 
be annihilated without an omnipotent Hand, 
than Body itſelf; in Conſequence of which, 
he was obliged to teach, that the Quantity of 
Motion is always the ſame : So that if all the 
Men and Animals in the World were mov- 
ing, yet ftill there would be no more Mo- 
tion, than when they were at Reſt, the Mo- 
tion which they had not, when at Reſt, being 
s | A2 transferr d 


4 The INFRODUCTION. 
transferr'd to the Æther. So unaccountable 
are the Notions of this great Philoſopher, that 
it is ſurprizing his Doctrine ſhould have met 
with ſuch univerſal Reception, and have got 
ſo ſtrong a Party of Philoſophers on its Side, 
that notwithſtanding it was more abſurd, than 
the Schoolmens Subſtantial Forms, they muſt 
all be exploded to make Way for his ingenious 
Hy potheſis. 


Des CaRTEs has been faid by a late Wri- 
ter *, to have joined to his great Genius an 
exquiſite Skill in Mathematicks, and by mixing 
Geometry and Phyſics together, to have given 
the World Hopes of great Improvements in the 
latter. But this Writer ought to have con- 
fidered that what he look'd upon in Des Car- 
Tes's Book of Principles, as Demonſtrations, 
are only Illuftrations, there not being a De- 


monſtration from Geometry in all his Philoſo- 
phical Works 4. 


THE preſent Method of Philoſophizing eſta- 
bliſh'd by Sir IsAAc NewrTox, is to find out 
the Laws of Nature by Experiments and Ob- 
ſervations. To this, with a proper Applica- 


* Mr. Motten in his Reflections on Ancient and Modern 
Learning. | | 


+ See this Subject diſcuſs d more at large in KeiPs Igtroduc- 
tion to his Examination of Dr. Buraet's Theory. 


tion 
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The INTRODUCTION. 5 


tion of Geometry, is owing the great Advan- 
tage the preſent Syſtem of Philoſophy has o- 
ver all the preceding ones, and the vaſt Im- 

rovement it has received within the laſt Age. 

t is indeed in vain to imagine, that a Syſtem 
of Natural Philoſophy can be framed by any 
other Method: for without Obſeryations it is 
impoſſible we ſhould diſcover the Phænome- 
na of Nature, without Experiments we muſt 
be ignorant of the mutual Actions of Bodies, 
and without Geometry we can never be certain 
whether the Cauſes we aſſign be adequate to 
the Effects we would explain, as the various 
Syſtems of Philoſophy built on other Founda- 
tions, evidently ſhew. 


Tuis Way of ſearching into Nature was 
firſt propoſed by my Lord Bacox *, proſe- 
cuted by the Royal Society, the Royal] Academy 
at Paris, the Honourable Mr. BorLe, Sir 
ISAac NewroN, Sc. | 

WHAT wonderful Ad vancement in the 
Knowledge of Nature may be made by this 
Method of Enquiry, when conducted by a 
Genius equal to the Work, will be beſt under- 
ſtood by conſidering the Diſcoveries of that 
excellent Philoſopher laſt mentioned. To Him 


it is principally owing, that we have now a 
See his Næuum Organum. 
rational 
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rational Sy ſtem of Natural Philoſophy ; 'tis He 


who, by purſuing the ſure and unerring Me- 
thod of reaſoning from Experiment aud Obſer- 
vation, joined with the moſt profound Skill in 
Geometry, has carried his Enquiries to the 


moſt minute and inviſible Parts of Matter, as 


well as to the largeſt and moſt remote Bodies 
in the Univerſe, and has eſtabliſhed a Syſtem 
not ſubject to the Uncertainty of a mere Hy- 

theſis, but which ſtands upon the ſecure 
Baſis of Geometry itſelf. 
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TED 
CRATE 7: 
' The Properties of Body. 


T being the Deſign of Phy/ics or Natu- 
ral Philoſophy to account for the Phæ- 
nomena of the Material World, it is neceſſary 
to begin with lay ing down the known Proper- 
ties of Body. ans | - | 

THESE are 1. Solidity. 2. Extenſion. 3. Di- 
viſibility. 4. A Capacity of being moved from 
Place to Place. 5. A Paſſiveneſs or Inactivity. 
Which are the eſſential Properties of Body; 
as appears from what follows. 

I. 'SOLIDITYy, called alſo Impenetrability, 
is that Power which Body has of excluding 
all others out of its Placſce. 

Tur Body, as ſuch, muſt be endued with 
this Property follows from its Nature, for o- 
therwiſe two Bodies might exiſt in the ſame 
Place, which is abſurd, The ſofteſt arc equal- 
ly ſolid with the hardeſt, for we find by Ex- 
periment, that the Sides of a Bladder, filled 


4 


with Air or Water, can by no Means be made 


to come cloſe together *. 


At Florence a hollow Globe of Gold was filled with Wa- 
ter, and then exactly elos d; the Globe thus cloſed was put 
into a Preſs driven by the Force of Screws; the Water, find- 
ing no Room for a nearer Approach of its Particles toward 
each other, made its Way through the Pores of * way 

eta , 
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8 The Properties of Body. Part l. 


2. Tur Body is extended, is ſelf-evident; 
it being impoſſible to conceive any Body, 
which has not Length; Breadth, and Thick- 
neſs, that is, Extenſion. | 

3. IT is no leſs evident, that Body is divi- 
ſible, for ſince no two Particles of Matter can 
exiſt in the ſame Place, it follows that they ate 
really diſtin from each other, which is all that 
is meant by being diviſible. 

IN this Senſe the leaſt conceivable Particle 
muſt ſtill be diviſible, fince it will conſiſt of 
Parts, which will be really diſtinct . To il- 
luſtrate this by a familiar Inſtance : Let the 
leaſt imaginable Piece of Matter be conceived 
lying on a ſmooth plain Surface, *tis evident 
the Surface will not touch it every where, 
thoſe Parts therefore, which it does not touch, 
may be ſuppoſed ſeparable from the other, and 
ſo on as far as we pleaſe ; and this is all that 


Metal, ſtanding in Drops like Dew on the Outſide, before the 
Globe would yield to the violent Preſſure of the Engine. 
V. Acad. del Ciment. | 


This Propoſition is demonſtrated Geometrically thus, ſup- 
poſe the Line 4 D (Fig. 1.) perpendicular to B F, and another as 
G H at a ſmall Diſtance from it alſo perpendicular to the ſame 
Line; with the Centers CCC, &c. deſeribe Circles cutting the 
Line G H in the Points e, e, e, &. Now the greater the Ra- 
dius AC is, the leſs is the Part e H. But the Radius may be 
augmented in infinitum. So long therefore the Part E H wy 
be divided into ſtill leſs Portions ; conſequently it may be divid- 
ed in infinitum. 2, E. D. V. Kzil's Introd. ad Phyſ. Præl. 3, 
4. 5, Graveſande's Elem. Math, Phyſ. L. 1. c. 4. Schol. 


- 
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is meant, when we ſay Matter is infinitely 
diviſible. 

How far Matter may actually be divided, 
may in ſome manner be conceiv'd from hence“ 
that a Piece of Wire, gilt with ſo ſmall a 
Quantity as eight Grains of Gold, may be 
drawn out to a Length of thirteen Thouſand 
Feet, the whole Surface of it {till remaining 
cover'd with Gold +. 

A Quantity of Vitriol, being diſſolved and 
mix'd with nine Thouſand Times as much 
Water, will tinge the whole, conſequently 
the Vitriol will be divided into as many Parts 
as there are viſible Portions of Matter in that 
Quantity of Water g. 

THERE are Perfumes, which, without a ſen- 
ſible Diminution of their Quantity, ſhall fill 
a very large Space with their odoriferous Par- 
ticles, which muſt therefore be of an incon- 
ceiveable Smallneſs, ſince there will be a ſuffi- 


* We have a ſurprizing Inſtance of the Minuteneſs of ſome 
Parts of Matter, from the Nature of Light and Viſion. Let a 
Candle be lighted. and placed in an open Plane, it will then be 
viſible two Miles round, conſequently was it placed two Miles a- 
bove the Surface of the Earth, it would fill with luminous Par- 
ticles a Sphere, whoſe Diameter was four Miles, and that be- 
fore it had loſt any ſenſible Part of its Weight. The Force of 


this Argument will appear better when the Reader is acquainted 
with the Cauſe of Vitton, 


+ Xeil's Introd. ad Phyſ. Præl. 5. Religious Philoſ. Con- 
templ. 25. 


$ Mem. de l' Acad, 1706. : 
cient 


10 Vacuum. 


Part. I. 
cient Number in every Part of that Space, ſen- 


ſibly to affect the Organ of Smelling. 
4. THAT all Matter is moveable, follows 


from its being finite; and to ſuppoſe it poſi- 
tively infinite is abſurd, becauſe it conſiſts of 
Fats. 

5. By the Paſſiveneſs or Inactivity of Mat- 
ter, (commonly calVd its Vis Inertiæ) is meant 
the Propenſity it has to continue its State of 
Motion or Reſt, till ſome external Force acts 
upon it. This will be farther explained under 
the firſt Law of Nature. 


CHAP. II. 
Of V. acuum. 
L 2 L ACE void of Matter is called empty 


Space, or Vacuum. 

Ir has been the Opinion of ſome Phi- 
loſophers, particularly the Carteſians, that Na- 
ture admits not a Vacuum, but that the Uni- 
verſe is entirely full of Matter: in conſe- 
quence of which Opinion they were oblig d 
to aſſert, that if every Thing contain'd in a 
Veſſel could be taken out or annihilated, the 
Sides of that Veſſel, however ſtrong, would 
come together; but this is contrary to Expe- 


= See Mr. Law's Tranſlation of ABp. King de Origine Mali. 
ot. 3 


rience, 


Chap. II. Vacuum. 11 


rience, for the greateſt Part || of the Air may be 
drawn out of a Veſſel by means of the Air- 
Pump, notwithſtanding which it will remain 
whole, if its Sides are ſtrong enough to ſupport 
the Weight of the incumbent Atmoſphere. 

III. SHOULD it be objected here, that as it is 
impoſſible to extract all the Air out of a Veſlel, 
and that there will not be a Vacuum on that 
Account; the Anſwer is, that ſince a very great 
Part of the Air, that was in the Veſſel, may be 
drawn out, as appears by the more quick De- 
{cent of light Bodies in a Receiver *, when ex- 
hauſted of its Air, there muſt be ſome Vacuities 
between the Parts of the remaining Air: which 
is ſufficient to conſtitute a Vacuum. Indeed to 
this it may be objected by a Carteſian, that | 
thoſe Vacuities are fill'd with Materia ſubtilis, 
that paſſes freely through the Sides of the Veſſel, 
and gives no Reſiſtance to the falling Bodies: 
but as the Exiſtence of this Materia ſubtilis can 
never be prov'd, weare not oblig'd to allow the 
Objection; eſpecially ſince Sir ISA Ac NEwToON 
has found, that all Matter affords a Reſiſtance 
nearly in Proportion to its Denſity f. 

THERE are many other Arguments to prove 
this, particularly the Motions of the Comets 


A Veſſel cannot be entirely exhauſted of its Air, becauſe | 
the Action of the Pump depends on the Spring of that which re- 11 
mains in the Veſſel. | | 

* By this Term is meant any Veſſel, out of which we extract | 
51 the Air by the Air-Pump. 

.I Neur. Principia Lib. 2. Prop. 31. & 40. & Opt. Edit. 2. 
Book 3. Quer. 18, 19, 20, 21. Deſagul. Lect. 1. Ann. 2. 1 
= | B 2 through = 
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12 Attraftion and Repulſion. Part. J. 


through the Heavenly Regions without any 
ſenſible Reſiſtance * ; the different Weight of 
Bodies of the fame Bulk, Sc. but thoſe, being 


not yet explain d, are not ſo proper to be inſiſt- 
ed on in this Place. 


07 Attraction and Repulſion. 
C'H 33 11. 


I. ESI D Es the forementioned Proper- 

ties of Matter, it has alſo certain 
Powers or active Principles, known by the 
Names of Attra7;on and Repul/ion, probably 
not eſſential or neceſſary to its Exiſtence, but 
impreſſed upon it by the Author of its Being, 
for the better Performance of the Offices for 
which it was deſign'd. 

II. ATTRACTION is of two Kinds. 1. Co- 
heſion, or that by which minute Bodies, (or 
the ſeveral Particles of the ſame Body) when 
placed aſunder at very ſmall Diſtances, mutu- 
ally approach cach other; and then adhere or 
ſtick together, as if they were but one, 2, Gra- 


vit tion, or that by which diſtant Bodies act 


upon each other. 


III. Tres Attraction of Coheſion is prov'd 


from abundance of Experiments, of which ſome 
of the moſt obvious are as follows. 


F Deſagul, Lect. 1. Anat. 8. 
1. Let 


1. LET a ſmall glaſs Tube (commonly call'd 
a Capillary Tube) open at both Ends, be dipt 
into a Veſſel of Water, the Water will imme- 
diately riſe up in the Tube to a certain Height 
above the Level of the external Water. This 
Riſe of the Water in the Glaſs Tube is manifeſtly 
owing to the Attraction of thoſe Particles of the 
Glaſs, which lie in the inner Surface of the 


Tube immediately above the Water: Accord- 


ingly the Quantity of Water raiſed is always 


found to be proportionable to the Largeneſs 
of that Surface *. 


2. LET two Spheres of Quickſilver be pla- 
ced near each other, and they will immediately 
run together, and form one Globule. 

IV. Tu Laws of this Attraction are, 1. 
That it acts only upon Contact, or at very ſmall 
Diſtances ; for the Spheres, mentioned in the 


laſt Experiment, will not approach each other, 


*The Heights the Water riſes to in different Tubes, are ob- 
ſerved to be reciprocally as the Diameters of the Tubes, from 


whence it follows that the Quantities raiſed are as the Surfaces 
which raiſe them. 


Dem. Let there be two Tubes, the Diameter of the firſt 
double to that of the ſecond, the Water will riſe half as high 
in the firſt as in the ſecond ; now was it. to riſe equally high 
in both, the Quantity in the firſt would be four times as great 
as in the ſecond, (Cylinders of equal Heights being as the 
Squares of their Diameters; 11. EL. 14.) therefore ſince it is 
found to riſe but half as high, the Quantity is but twice as much, 
and therefore as the Diameter ; but the Surfaces of Cylinders are 


as their Diameters, therefore the Quantities of Water raiſed are 


alſo as the Surfaces. 2. E. D. 
Sep the Diſſertation on this Subject. Part IT. 


till 


Chap. III. Attraction and Repulſion. 13 | 
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14 Attraction and Repulſſion. Part. I. 


till they are plac d very near. 2. It acts acord- 
ing to the Breadth of the Surfaces of the at- 
tracting Bodies, and not according to their 
Quantities of Matter. For, let there be two 
poliſh'd Glaſs Plates laid one upon another, in 
ſuch a Manner as to touch at one End, and 
there make a very ſmall Angle: If two une- 
qual Drops of Oil be put between theſe Plates, 
at equal Diſtances from the Line of Contact, fo 
that the leaſt may touch both Glaſſes, they 
will then both move towards the Ends that 
touch, becauſe the Attraction of the Surfaces 
inclines that Way ; but the largeſt, touching 
the Glaſſes in moſt Points, will move the faſt- 

 eft. 3. Tis obſery'd to decreaſe much more 
than as the Squares of the Diſtances of the 
attracting Bodies from each other increaſe: That 
is, whatever the Force of Attraction is at a gi- 
ven Diſtance, at twice that Diſtance it ſhall be 
more than four Times leſs than before *. 

V. From hence it is eaſy to account for the 
different Degrees of Hardneſs in Bodies; thoſe 
whoſe conſtituent Particles are flat or ſquare, 
and ſo ſituated as to touch in many Points, 
will be hard; thoſe Particles which are more 
round, and touch in ſewer Points, will conſti- 
tute a ſoſter Body; thoſe which are fpherical, 
or nearly of that Figure, will form a Fluid. 4. 


V. Keilii Opera Ed. 40. p. 626. 
+ See Rohault in the Notes, p. 105, 108. See Part II. 
Chap. I. $.2. in the Notes. Newton. Optic. p. 335- | 
VI. Ar- 
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Chap. III. Attrattion and Repulfion. 1 5 1 
VI. ATTRACTION of Gravitation is that, 1 
by which diſtant Bodies act upon each other. 
Of this we have daily Inſtances in the falling 
of heavy Bodies towards the Earth. 

VII. Tur Laws of this Attraction are, f. 
That it decreaſes, as the Squares of the Diſtances 
between the Centers of the attracting Bodies 
increaſe. Thus, a Body, which at the Sur- 
face of the Earth (i. e. about the Diſtance of 
four Thouſand Miles from its Center) weighs 
ten Pounds, if it was plac'd four Thouſand 
Miles above the Surface of the Earth, 7. e. 
twice as far diſtant from the Center as before, 
would weigh four Times leſs; if thrice as far, 
nine Times leſs, Sc. The Truth of this Pro- 
poſition is not to be had from Experiments, 
(the utmoſt Diſtance we can convey Bodies to, 
from the Surface of the Earth, bearing no Pro- 
portion to their Diſtance from its Center,) 
but is ſufficiently clear from the Motions ob- 
ſery'd by the heavenly Bodies. 2. Bodies at- 
tract one another with Forces proportionable 
to the Quantities of Matter they contain; for 
all Bodies are obſerv'd to fall cqually faſt in 
the exhauſted Receiver, where they meet with 
no Reſi ſtance. From whence it follows, that 
the Action of the Earth upon Bodies is exaQ- 
ly in Proportion to the Quantities of Matter 
they contain; for was it to act as ſtrongly 
upon a leſs Body as upon a larger, the leaſt 1 
Body, being moſt caſily put into Money it 
= wou 
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would move the faſteſt. Accordingly, it is 
obſervable, that the Weight of a Body is the 
ſame whether it be whole, or ground to 
Powder“. | 
VIII. From hence it follows, that, was 
Body to deſcend from the Surface toward the 
Center of the Earth, it would continually be- 
come lighter and lighter, the Parts above at- 
tracting it, as well as thoſe below; in which 
Caſe it is demonſtrated by Mathematicians, 
that the Gravity would decreaſe with the Di- 
ſtance of the Body from the Center 4. 
Scholium. 


* Graveſande Lib. 4. Chap. 11. Cotes's Preface to Newton's 
Princip. 

+ Dem. Let there be a Body as P. (Fig. 2.) placed any 
where within a Concave Sphere, as AB, which let us ſuppoſe 
divided into an infinite Number of thin concentric Surfaces z 
I fay, the Body P will be attracted equally each way by any 


one of theſe v. g. the interior HIXLM. Let there be Lines 


as IL, HK, &c. drawn through any Point of the Body P, in 
ſach a manner as to form the Surface of two ſimilar Figures; 
| ſuppoſe Cones, the Diameters of whoſe Baſes may be IH, KL, 
which let be infinitely ſmall. Theſe Baſes (being as the Squares 
of the Lines IH, XI) (2. Elem. 12.) will be directly, as the 
Squares of their Diſtances from P (for the Triangles 1PH, KPL, 
being infinitely ſmall, are ſimilar.) But thoſe Baſes include all 
the Particles of Matter in the interior Surface, that are oppoſite 
to each other; the oppoſite Attractions are therefore in the 
ſame Ratio with thoſe Baſes, that is as the Squares of the Diſ- 
tances PR, PI. But the Attraction is inverſely, as the Squares of 
the Diſtances of the attracting Bodies, F. 7. 1. e. nverſely as the 
Squares of the ſame Diſtances PK PI; theſe two Ratios 


therefore deſtroying each other, it is evident, that if the Con- 


cavity of the Sphere was filled with Matter, that alone, which 
Hes nearer the Center than the Body can effect it, the reſpectiye 
Actions of all the Parts, that are mare diſtant, being equal, 
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Scholium. Ir may be proper to obſerve here, 
that when Philoſophers Heal of Bodies gravi- 
tating to, or attracting each other, that Body is 
{aid to gravitate to another, which moves to- 
wards it, while the other actually is, or appears 
to be, at reſt, and this other is ſaid to attract 
the former; though indeed the Force being mu- 
tual and equal on both Sides (as will be ex- 
2 under the third Law of Nature) the 
ame Term might 2 = to to either the gra- 
vitating or attracting Body. 

IT is farther to be obſery'd, that when we 
uſe the Terms, Attraction or Gravitation, we 
do not thereby determine the Phyſical Cauſe 
of it, as if it proceeded from ſome ſuppoſed 
occult Quality in Bodies; but only uſe thoſe 
Terms to ſignify an Effect, the Cauſe of 
which lies out of the reach of our Philoſophy. 
Thus, we may fay, that the Earth attracts hea- 
vy Bodies; or that ſuch Bodies tend or gravi- 
tate to the Earth: althoughat the ſame time we 


and in contrary DireQions, ſince the ſame is demonſtrable of any 
of the remaining concentric Surfaces, Let us ſee then what Ef- 
fe& that, which lies nearer the Center than the Body, will have 
upon it, which may be conſidered as a Sphere, on whoſe Surface 
the Body is plac'd. The Diſtances of each Particle of Matter 
from the Body, (taken collectively) will be as the Diameter cf 
the Sphere, or as the Radius, i. e. as the Diſtance of the Body 
from the Center: their Action therefore upon the Body will be 
inverſely as the Square of that Diſtance : but the Quantity of Mat- 
ter will be as the Cube of that Diſtance , (18. E/em. 12.) the At- 
traction therefore will be alſo in that Proportion. Now, theſe 
two Ratios being compounded, the Attraction will be only as 
the Diſtance cf the Body "= the Center. 2. E.D. 


arc 
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are wholly ignorant: whether this is effected 
by ſome Power, actually exiſting in the Earth, 
or in the Bodies, or external to both ; ſince 
it is impoſſible any Error in our Reaſonings 
can follow from hence : it being evident, that 
all the Conſequences of ſuch Tendency muſt 
be the ſame, let the Cauſe be where, or what 
it will. | 2 

X. R puls lo is that Property in Bodies, 
whereby, if they are placed juſt beyond the 
Sphere of cach other's Attraction of Coheſion, 
they mutually fly from each other. 

Tuvs, if an oily Subſtance, lighter than 
Water, be placed on the Surface thereof, or if 
a Piece of Iron be laid on Mercury, the Sur- 
face of the Fluid will be depreſs'd about the 
Body laid on it: This Depreſſion is manifeſtly 
occaſion'd by a repelling Power in the Bodies, 
which hinders the Approach of the Fluid to- 
wards them. 

Bur it is poſſible in ſome Caſes to preſs or 
force the repelling Bodies into the Sphere of 
one another's AttraCtion ; and then they will 
mutually tend towards each other; as when 
we mix Oyl and Water till they incorporate *, 

XI. Bes1pes the general Powers foremen- 
tioned, there are ſome Bodies that are endued 
with another, call'd Electricity. Thus Amber, 


* We have an undeniable Proof of this Repulſive Force in 
Sir Jaa Neawwtor,'s Opticks. B. 3. and Query 31. | 
Jet, 
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Vers Sealing-Wax, Agate, Glaſs, and moſt 
inds of precious Stones attract and repel light 
Bodies at conſiderable Diſtances. 

THE chief Things obſervable in theſe Bo- 
dies are, 1. That they don't act, but when 
heated. 2. That they act more forcibly when 
heated by rubbing, than by Fire. 3. That, 
when they are well heated by rubbing, light 
Bodies will be alternately attracted and repell'd 
by them, but without any obſervable Regula- 
rity Whatever. 4. If a Line of ſeveral Yards in 
length has a Ball, or other Body ſuſpended at 
one End, and the other End be fixed to a Glaſs 
Tube; when the Tube is heated by rubbing, the 
Electrical Virtue of the Glaſs will be commu- 
nicated from the Tube to the Ball, which will 
attract and repel light Bodies in the ſame Man- 
ner, as the Glaſs itſelf does. 5.1! the Glaſs Tube 
be emptied of Air, it loſes its Electricity *. 

XII. LASTL y, the Loadſtone is obſerv'd to 
have Properties peculiar to itſelf, as that by which 
it attracts and repels Iron, the Power it commu- 
nicates tothe Needle, and ſeveral others F. 


* See Haukſbee's Experiments, Philaſaph. Tranſact No. 326. 


+ Several Solutions of theſe Properties of Electricity and Mag- 
neti ſin have been attempted; by different Philoſophers, but all of 
them ſo unſatisfaftory as not to deſerve a particular Account in 
this Place, See Chambers's Dictionary in Electricity, and Des 
Cartes Opera Philoſophica. P. IV. F. 133, with ſeveral othets 
referr'd to in Quæſiones Philaſopbicæ. Deſagul. Lect. I. 4. 33. 
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CHAF IV. 


Of the Laus of Motion, commonly cal. 
led Sir I8aac NewToNn's Laws of 
Nature. 


I. LL Bodies continue their State; of 

Reſt, or uniform Motion in a right 
Line, till they are made to change that State 
by ſome external Force impreſſed upon them. 

THis Law is no other, than that univerſal 
Property of Bodies, called Paſſi veneſs or In- 
activity; whereby they endeavour to continue 
the State they are in, whatever it be. Thus 
a Top only ceaſes to run round on Account of 
the Reſiſtance it meets with from the Air, 
and the Friction of the Plane whereon it 
moves. And a Pendulum, when left to vi- 
brate in vacuo, where there is nothing to ſtop 
it, but the Friction ariſing from the Motion 
of the Pin on which it is ſuſpended, conti- 
nues to move much longer, than one in the 
open Air. 

II. Tax Change of Motion produc'd in 
any Body, is always proportionable to the 
Force, whereby it is effected; and in the ſame 
Direction, wherein that Force acts. 

THis is an immediate Conſequence of this 
Axiom, the Effect is always proportionable to 

Its 
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its Cauſe. For Inſtance, if a certain Force 
produces a certain Motion, a double Force 
will produce double the Motion; a triple 
Force triple the Motion, Sc. If a Body is in 
Motion, and has a new Force impreſſed on it 
in the Direction wherein it moves, it will re- 
ceive an Addition to its Motion, proportional 
to the Force impreſſed; but if the Force acts 
directly contrary to its Motion, the Body will 
then loſe a proportional Part of its Motion: 
Again, if the Force is impreſſed obliquely, it 
will produce a new Direction in the Motion 
of the Body, more or leſs different from the 
former in Proportion to its Quantity and Di- 
o | 


III. Re- 


This Caſe is expreſſed more accurately by Mathematicians 
thus. If the Proportion and Direction of two Forces, acti 
upon a Body at the ſame Time, be repreſented by the Sides of a 
Parallelogram, the Diagonal of that Parallelogram will repre- 
ſent the 2 and DireQion of their united Forces. 

Dem. Let the Body A (Fig. 3.) be impell'd with a Force, 
which would carry it to E, in the ſame Time that another, act- 
ing upon it in the Direction AD, would carry it to D. Ima- 
gine that while the Body paſſes to E, the Line AD in which 
the Body moves by the other Force) moves to EB, in a Direc- 
tion parallel to itſelf ; when the Body has advanc'd to G in 
the Line AE, the Line AD will have got to G, and the Body 
will have paſſed over GH, ſuch a Part of it, as bears the 
ſame Proportion to the whole Line GF, as 4G does to AE, 
that is, GH (the ſhorter Side of the Parallelogram GM,) is to 
GF, or, which is the ſame Thing, to EB (the ſhorter Side of 
the Parallelogram ED) as 4G (the longer Side of the former) 
is to AE the longer Side of the latter,) from whence the Pa- 
rallelograms are mila, El, 6. Def. 1. and conſequently, by 
24 El 6. the Point H is in the Diagonal, that is, the Body 
will always be found in the Line 4B. QE. D. 2 

, oroll. 
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III. REACTION is always contrary, and e- 
qual to Action; or the Actions of two Bodies 
upon each other, are equal, and in contrary 
Directions. 

Tuus, ſuppoſe a Stone, or other Load to 
be drawn by an Horſe; the Load reacts upon 
the Horſe, as much as the Horſe acts upon the 
Load; for the Harneſs, which is ftretched 
equally between them both Ways, draws the 
Horſe towards the Stone, as much as it does 
the Stone towards the Horſe; and the progreſ- 
ſive Motion of the Horſe is as much retarded 
by the Load, as the Motion of the Load is 
promoted by the Endeavour of the Horſe“. 


This will be better explained from the follow- - 


ing Inſtance ; let a Perſon, fitting in a Boat, 


Coroll. From hence we have an eaſy Method of reſolving 
2 given Motion into any two, or more Directions whatever; 
is. by deſcribing a Parallelogram about the given Direction 


as a Diagonal, the two Sides of which will repreſent the Di- 


rections ſought. Thus, ſuppoſe a Body was 1mpelld in the 
Line AB, we may conceive it as acted upon by two Forces at 
the ſame Time, one towards E, the other towards D, or any 
other two whatever, provided the Lines be drawn of ſuch 
length, that, when the Parallelogram is compleated, the given 
Line 4B fhal! be its Diagonal. . . 

* Tt may be thought perhaps, that (two equal and contrary 
Forces deſtroying one another) the Horſe will in this Caſe not 
be able to move at all, becauſe the Load draws him back, as 
much as he draws the Toad forwards. But it is to be ob- 
ved that the Strength of the Horſe is not properly exerted up- 
on the Load but upon the Ground; and conſequently the 
Ground, reacting and continuing at Reſt, puſhes the Hoffe 
forward with juſt ſo much Force as the Horſe exerts, above 
what is counteracted by the Load. I 

drav- 


— 1 <P 
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draw another Boat equally heavy towards 
him, they will both move towards each other 
with equal Velocities: Let the Boat he firs in 
be the lighteſt, and it will move the faſteſt; 
becauſe t he Action being equal on both Sides, 
the ſame Quantity of Motion will be given to 
each Boat, that is, the lefler will have the 
greater Velocity. 

Ws have a farther Confirmation of this 
from Attraction. Suppoſe two Bodies attract- 
ing one another, but prevented from cdming, 
cloſe together by ſome other Body placed be- 
tween them: If their reſpedive Actions, by 
which they tend towards each other, were not 
equal on both Sides, then would the interme- 
diate Body be preſſed more one Way than the 
other, and ſo all three would begin to move 
of themſelves the ſame Way ; but that three 
Bodies ſhould be put into Motion after this Man- 
ner, when no external Force acts upon them, is 


contrary to Experience, conſequently whatever 


different Degres of Force, any two Bodies may 
be capable of exerting, their mutual Actions 


on each other, are always equal. This may 


be try'd with a Loadſtone and Iron; which, 
being put into proper Veſſels, contiguous to 
one another, and made to float on the Surface 
of Water, will be an exact Counterbalance to 


® Sce the Diſtindion between Motion and Ve'ocity. Chap. . 
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III. REACT1ON is always contrary, and e- 
qual to Action; or the Actions of two Bodies 
upon each other, are equal, and in contrary 
Directions. 

THvus,. ſuppoſe a Stone, or other Load to 
be drawn by an Horſe; the Load reacts upon 
the Horſe, as much as the Horſe acts u 
Load; for the Harneſs, which is ftretched 
equally between them both Ways, draws the 
Horſe towards the Stone, as much as it does 
the Stone towards the Horſe ; and the progrei- 
five Motion of the Horſe is as much retarded 
by the Load, as the Motion of the Load is 
promoted by 
This will be better explained from the follow- - 
ing Inſtance ; let a Perſon, fitting in a Boat, 


the Endeavour of the Horſe“. 


Corel]. From hence we have an eaſy Method of reſolving 
2 given Motion into any two, or more Directions whatever; 
ig. by deſcribing a Parallelogram about the given Direction 
as a Diagonal, the two Sides of which will repreſent the Di- 
rections fought, Thus, ſuppoſe a Body was 1mpelld in the 
Line Ah, we may conceive it as acted upon by two Forces at 
the fame Time, one towards E, the other towards D, or any 
other two whatever, provided the Lines be drawn of ſuch 
length, that, when the Parallelogram is compleated, the given 
Line 4B fhal! be its Diagonal. 

* Tt may be thought perhaps, that 
Forces deſtroying one another) the Horſe will in this Caſe not 
be able to move at all, becauſe the Load draws him back, as 
much as he draws the Load forwards, But it is to be ob- 
ved that the Strength of the Horſe is not properly exerted up- 
on the Load but upon the Ground; and conſequently the 
Ground, reacting 
forward with juit fo much Force as the Horſe exerts, above 


what is counteraQted by the Load, 


(two equal and contrary 


and continuing at Reſt, puſhes the Hoffe 
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draw another Boat equally heavy towards 
him, they will both move towards each other 
with equal Velocities: Let the Boat he fits in 
be the lighteſt, and it will move the faſteſt ; 
becauſe the Action being equal on both Sides, 
the fame Quantity of Motion will be given to 
cach Boat, that is, the leſſer will have the 
greater Velocity 

Wr have a farther Confirmation of this 
from Attraction. Suppoſe two Bodies attract- 
ing one another, but prevented from cdming 
cloſe together by ſome other Body placed be- 
tween them: If their reſpective Actions, by 
which they tend towards each other, were not 
equal on both Sides, then would the interme- 
diate Body be preſſed more one Way than the 
other, and ſo all three would begin to move 
of themſelves the ſame Way; but that three 
Bodies ſhould be put into Motion after this Man- 
ner, when no external Force acts upon them, is 


contrary to Experience, conſequently whatever 


different Degres of Force, any two Bodies may 
be capable of exerting, their mutual Actions 
on each other, are always equal. This may 
be try'd with a Loadſtone and Iron; which, 
being put into proper Veſſels, contiguous to 
one another, and made to float on the Surface 
of Water, will be an exact Counterbalance to 


®* Sce the Diſtintion between Motion and Ve'ociy. Chap. . 


cach 
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each other, and remain at Reſt, whatever be 
the attractive Power of the Loadſtone, or the 
Proportion of their reſpectiye Magnitudes. 


Tusk Laws receive an abundant Additio- 
nal Proof from hence, vi g. that all the Con- 
cluſions that are drawn from them, in Relation 
to the Phænomena of Bodies, how complicat- 
ed ſoeyer their Motions be, are always found 
to agree perfectly with Obſervation. The 
Truth of which ſufficiently appears in all Parts 
of the Newtonian Philoſophy *. | 


CHAP. V. 


The Phenomena of Falling Bodies. 
* | E Lawsof Nature being thus explain- 


ed, we proceed to account for ſome of 
thoſe Phænomena, which are ſolvable by them. 
II. To begin with thoſe of falling Bodies. 
Conſtant Experience ſhews, that Bodies have a 
Tendency towards the Earth, which is call'd 
Gravity, the Laws of which were enumerated 
in Chap. 3. F. 7. 
III. Tus Height, Bodies can be let fall from, 
bears ſo ſmall a Proportion to their Diſtance 


from the Center of the Earth, that it cannot 


* See theſe Laws explain'd more at large by . in his 
Principles of Philoſophy. Keil s Introd. ad Phyſ. Præl. 11, 12. 


ſenſibly 


22 


Chap. V. Falling Bodies. 25 
ſenſibly alter their Gravity; which therefore 
may be conceiv'd, as acting conſtantly and uni- 
formly upon them, during the whole Time of 
their Fall: From whence they muſt neceſſarily 
acquire, at every Inſtant, an equal Degree of 
Velocity, which on that Account will conſtant- 
ly increaſe, in Proportion to the Time the Bo- 
dy takes up in falling. 
IV. Tae Spaces Bodies fall through in dif- 
ferent Times, reckoning from the Beginning of 
their Fall, are as the Squares of thoſe Times; 
thus, a Body will fall four Times as far in two 
Minutes, as it does in one, and nine Times as 
far in three, ſixteen Times as far in four, Sc.“ 


| V. From 
In order to demonſtrate this Propoſition, it will be neceſſary 


to lay down the following Theorem, wiz. | 

That the Space a Body paſſes over, with an uniform Motion, 
is in a Ratio compounded of the Time and Velocity. For the 
longer a Body continues to move uniformly, the more Space it 
moves over ; and the faſter it moves during any Interval of 
Time, the farther it goes; therefore the Space is in 4 Ratio com- 
pound of both, that is, is had by multiplying one into the o- 
ther. 15 


Coroll. Therefore the Area cf a Re angle, one of whoſe 
Sides repreſents the Celerity a Body moves with, and the other 
the Time of its Motion, will expreſs the Space it moves through. 

This being premiſed, let the Line 4B (Fig. 4.) repreſent 
the Time a Body takes up in falling, and let BC expreſs the 
Celerity acquir'd by its Fall; farther let the Line 43 be di- 
vided into an indefinite Number of ſmall Portions, ei, im, 
mp, &. and let ef, ih, mn, pg, &c. be drawn parallel to the 
Baſe; Now it is evident from 5. 3. (viz. that the Velocities 
are as the Times in which they are acquir'd) that the Lines 
of, il, un, pg, &c. being to each other (4. EI. 6.) as the Lines 
Ae, i, Am, Ap, & c. will repreſent the Celerities in the Times 
repreſented by theſe : that is, 5 will be as the Velocity of the 


Body 
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V. Fon this Propoſition it follows, that a 
Body falls three Times as far, in the ſecond 
Portion of Time, as it does in the firſt; five 
Times as far in the third; ſeven Times in the 
fourth, and ſo on in the Series of the odd 
Numbers: For otherwiſe it could not fall four 
Spaces in two Minutes, and nine in three, as 
the Propoſition allerts *.- 

VI. Tus 


Body in the ſmall Portion of Time ei, and il will be as the Ve- 


locity in the Portion of Time im; in like Manner pg will be as 


the Velocity in the Portion of Time pe, which Portions cf Time | 
being taken HOY ſmall, the Velocity of the Body may be 
g any whole Portion: and conſequently, F 


ſuppos'd the ſame, 
by the Corollary of the foregoing Theorem, the Space run over 


in the Time ei with the Velocity F may be repreſented by the 


Rectangle /: in like Manner the Space run over in the Time 
im, with the Celerity it, may be expreſs'd by the Rectangle ; 


and that run over with the Celerity n in the Time mp, by F 


the Rectangles pn; and ſo of the reſt. Therefore the Space 
run over in all thoſe Times will be repreſented by the Sum of all 


the Rectangles, that is, by the Triangle ABC, for thoſe little 
triangular Deficiencies, at the End of each Rectangle, would have 
vaniſhed, had the Lines ei, im, mp, &c. been infinitely ſhort, as 
the Times they were ſuppoſed to repreſent. Now as the Space, 
the Body deſcribes in the Time AB, is repreſented by the Tri- 
angle ABC, for the ſame Reaſon the Space paſs d over in the 


Time 4% may be repreſented by the Triangle Aor, but theſe 


2 being ſimilar, are to each other, as the Squares of 
their 


Squares of the Times repreſented by the Sides. Q. E. D. 


* 'This may alſo be ſhewn in the following Manner. Let 
the Triangle ABC (Fi. 4.) be divided into leſſer ones, as 
in Fig. 5. each equal to Dbr, which repreſents the Space de- 
ſcribed by the falling Body in D& the firſt Portion of Time; 
tis evident that, in bc the ſecond Portion of Time, there are 


three ſuch Triangles deſcribed, viz. thoſe that lie —_—_ N 


omologous Sides AB and 4o (20 El. 6): that is, the 
Spaces repreſented by the Triangles are to each other, as the 


1 
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VI. Tu Spaces, deſcrib'd by falling Bodies 
in different Times, are as the Squares of the 
laſt acquir'd Velocities. For by g. 4. the Spa- 
ces are as the Squares of the Times, and by 
(. 3. the Velocities are as the Times; there- 
fore the Spaces are alſo as the Squares of the 
Velocities. 

VII. Tus Space a Body paſſes over, from 
the Beginning of its Fall in any determinate 
Time, is half what it would deſcribe in the 
ſame Time moving uniformly with its laſt ac- 
quir'd Velocity. 

VIII. IN like Manner, when Bodies are 
thrown up e ai their Velocities 
decreaſe, as the Times they aſcend in increaſe ; 
their Gravity deſtroying an equal Portion of 
their Velocity every Inſtant of their Aſcent. 
IX. Tur Heights Bodies riſe to, when 
thrown perpendicularly upwards, are as the 
Squares of the Times ſpent from their firſt 
ſetting out, to the Moment they ceaſe to riſe. 
That is, if a Body is thrown with ſuch a De- 
gree of Velocity, as to continue riſing twice as 


Lines br and cs; in cd the third Portion of Time, five ſuch, 
wiz. all between cs and dt; in df the next equal Portion of 
Time, ſeven ſuch, So. EE 


„For let the Time be 4B, (Fig. 4.) and the laſt Velocity 


BC, the Space the Body runs over, while it is acquiring that 
Velocity, is as 4BC, but the Space it would paſs over in the 
Time AB, was it to move uniformly with the Celerity BC, is 
by the Theorem (Note p. 25.) as the Space ABCD, double 
the farmer, Q. E. D. = | 
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long as another, it ſhall aſcend four Times as 
high; if thrice, nine Times as high, Gc. 

Tust two are the converſe of the third 
and fourth Sections | | 


VI. 


Of the Deſcent of Bodies on oblique 
Planes, and of Pendulums. 


H E N a Body deſcends on an oblique 

Plane, its Motion is continually acce- 
lerated by the Action of Gravity, but in a leſs 
Degree, than when it deſcends perpendicular- 
ly; its free Deſcent in this Caſe being hin- 
- der'd by the Interpoſition of the Plane : From 
whence it follows, that what was ſaid in the 
laſt Chapter, concerning the perpendicular 
Deſcent of Bodies, is true of ſuch as fall on 
oblique Planes, Allowance being made for the 
Difference of Acceleration. 
II. The Effect Gravity has upon a Body 
falling down an oblique Plane, is to that which 
it exerts upon another falling freely, as the 
e 40 ug Height of the Plane is to its 


l III. Tre 


* See Mils Introd, ad Phyſ. Præl. 11. Graveſande L. 1. 
Ch. 17. | 

+ Dem. Let 4C (Fig. 6.) be the inclin'd Plane, the Body 
at 4, and the Action of Gravity, whereby it endeavours to fall, 


Per. 
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III. Taz Space, through which a Body 
falls down the oblique Side of a Plane, is to 
that through which it would fall perpendicu- 
larly in the ſame Time, as the perpendicular 
Height of the Plane is to its Length“. 

Fox the Space, a Body falls through in any 
determinate Time, whether down an inclined 
Plane, or not, is as the Effect of the Gravity 
with which it is acted upon during that Time; 
but the Gravity, with which a Body deſcends 
down the oblique Side of a Plane (by the 
laſt Propoſition) is to that with which it falls 
perpendicularly, as the perpendicular Height 
of the Plane is to its Length : The Space there- 
fore, which a Body falls through obliquely, is 
to that which it would paſs through perpen- 
dicularly in the fame Time, alſo in that Pro- 
portion, 


erpendicularly repreſented by the Line AB; let 4D be per- 
2 to ict AD will then repreſent the DireQion by 
which the Plane acts upon the Body (for all Bodies act in 
Lines perpendicular to their Surfaces) let then thoſe two Forces 
be reſolved into one in the Direction AC, (as ſhewn in Note to 
$. 4. Chap. IV.) by compleating the Parallelogram BD, whoſe 


Diagonal will be 4G. In order to this BG muſt be let fall 


perpendicularly upon AC (that it may be parallel to the oppo- 
fite Side of the Parallelogram 4D) conſequently (8 Elem. 6.) 
AG is to AB as AB to AC, that is, the Tendency of the 
Body down the Plane is to its perpendicular Tendency, as AB 
SW A DEED. ©. 

From this Propoſition it follows, that ſuppoſing BG (Fg 6.) 
perpendicular to AC) the Body would fall from 4 to &, in 
the ſame Time another would fall from thence to B; for, as 
was obſerved (Note the laſt) 4G is to 4B, as AB to AC. 


IV. Tas 
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IV. Tue Velocity, a Body acquires by fal- 
ling perpendicularly, is to that, which it ac- 
quires by falling obliquely in the ſame Time, 
as the Space of its perpendicular Deſcent is to 
that of its oblique one *. 


V. Tun Time, in which a Body defcends 
through the oblique Side of a Plane, is to that 
in which it falls through the perpendicular 


Height of the ſame, as the Length of the 
oblique Side is to its Height Þ. 

VI. A Bopy acquires the ſame Velocity in 
falling down the oblique Side of a Plane, as 


* Since by the Note to Section the laſt, a Body falls to G, 
(Fig. 6.) in the ſame Time another falls to B, and by (Chap. 
V. 5. 7.) the Space, a falling Body paſſes over in any Time, 
is half that which it would run over in the ſame Time moving 
uniformly with its laſt acquir'd Velocity, it fallows that the Bo- 
dy falling down the oblique Plane would paſs over double the 
Space 4G, moving uniformly with its laſt acquir'd Velocity, in 
a Portion of Time equal to that in which it was acquir'd ; like- 
wiſe double the Space AB would be paſſed over by the other Bo- 
dy, movieg uniformly with its laſt acquir'd Velocity, in a Por- 
tion of Time egua] to that in which it was acquir'd ; but fince 
the Velocities of Bodies moving uniformly are as the Spaces 
they run over in equal Times, the Velocities of the Bodies in 
G and B are to each other as double the Lines 4G and AB, 
that is, as the Lines themſelves, which by F. 3. are as the 
Spaces run through in the ſame Time, from whence the Propo- 
ſition is clear. 

+ Dem. The Square of the Time in which 40 (Fe. 6.) 
is run over, is to the Square of the Time in which AG is 
run over as 4C to AG, (by Chap. V. F. 4) that is, ſince AC, 
AB, AG are continually proportional (8 Elem. 6.) as the Square 
of A to the Square of 4B (by Def. 10. Elem. 5.) therefore 
the Times themſelves are as the Lines 40 and 4B, that is, 
2 7 38 Side of the Plane to the perpendicular Height. 


It 


Chap. VI. on oblique Planes. 31 

it would do, if it fell freely through the per- 

pendicular Height of it . | 
VII. A Body takes up the fame Time in 


falling through the Chord of a Cirele, whether 


it be long or ſhort, as it does in falling per- 
pendicularly through the Diameter of the ſame 
Circle . | 

VIII. UPox this is founded the Theory of 
Pendulums: For from hence it follows, that 
ſuppoſing a Pendulum could be made to vibrate 
in a Chord of a Circle, inſtead of an Arch, all 
its Vibrations would require the ſame Time, 
whether they were large or ſmall 


|. 
IX, FRoM hence we ſee the 1 why 
the ſhorter Arches a Pendulum deſcribes, the 


Dem. The Square of the Velocity which a Body acquires by 
falling to G, is to the Square of the Velocity it acquires by fal- 
ling to C, as the Space AG to the Space 4C (by Chap. V. 
F. 4.) that is (by 8. Elem. 6. and Def. 10. Elem. 5) as 40 to 
ABg ; conſequently the Velocity itſelf at G is to the Velocity 

itſelf at C, as 4G to AB: But fince AG is run over in the ſame 
Time AB is (fee Note to 5. 3) the Velocity in & is alſo to the 
Velocity in B, as 4G, to AB, (by F. 4.) and conſequent'y fince 
the Velocities both in C and B bear the ſame Proportion to 
that in G, they muſt be equal to cach other. 2. E. D. 

+ Dem. It was demonſtrated (5. 3.) that a Body will fall 
from 4 to G, (Fig. 7.) on the inclin'd Plane 4C, in the 
ſame Time another would fall freely to B, provided 4GB 1s a 
right Angle, in which Caſe 4G (by 31. Elem. 3.) is a Chord of 
that Circle of which 43 is the Diameter; therefore a Body falls 
through the Chord, c. Q. E. D. 

| This may be illuſtrated by conceiving the laſt Figure in- 
verted (as in Fig. 8.) where ſuppoſing the Ball ſuſpended in 
fuch a Manner, as to ſwing in the right Line G4 inſtead of 
the Arch GA, it would always fall through it in the ſame 
Time, however long. or ſhort it was, for the Inclination of 


the Line C to the horizontal Line BC, is not alter'd by invert- 
ing the Figure. | 


nearer 
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nearer its Vibrations come to an Equality, ſor 
{mall Arches differ leſs from their Chords than 
large ones, But if the Pendulum is made to 
vibrate in a Curye, which Mathematicians call 
a Cycloid; each Swing will then be perform'd 
in the fame Time, whether the Pendulum 
moves through a larger or leſſer Space. For 
the Nature of this Curve is ſuch, that the Ten- 
dency of a Pendulum towards the loweſt Point 
of it, is always in Proportion to its Diſtance 
from thence ; and conſequently let that Diſtance 
be more or lets, it will always be run over by 
the Pendulum in the ſame Time *. 

X. Tas Time of the Deſcent and Aſcent 
of a Pendulum, ſuppoſing it to vibrate in the 
Chord of a Circle, is equal to the Time in 

which 


*The Deſcription of a Cycloid: 


Upon the right Line AB, (Fig. q.) let the Clrcle CDE be 
ſo plac'd, as to touch the Line in the Point C, then let this Circle 
roll along upon it from C to H, as a Wheel upon the Ground, 
then will the Point C in one Revolution of the Circle deſcribe 
the Curve C£XH, which is called a Cycloid, Now ſuppoſe two 
Plates of Metal bent into the form HK and KC, and placed in 
the Situation LH and LC, in ſuch Manner, that the Points H 
and C may be apply'd to L, and the Points anſwering to K 
be apply'd to H and C. This done, if a Pendulum as LP, 
in Length equal to LH, be made to vibrate between the Plates 
or Cheeks of the Cycloid LC and LH, it will (wing in the 
Line CKH; and the Time of each Vibration, whether the Pen- 
dulum ſwings through a ſmall or a great Part of the Cycloid, 
will be to the Time a Body takes up in falling perpendicularly 
through a Space equal to 7K, (half the Length of the Pendu- 
lum 3) as the Circumference of a Circle to its Diameter, an 
conſequently it will always be the ſame | | 
© IC -They 
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which a Body falling freely would deſcend 
through eight Times the Length of the Pen- 
dulum. 5 We R$ RF. * ei 

Fox the Time of the Deſcent alone upon 
the Chord is equal to that in which a Body 
would fall through the Diameter of the Cir- 
cle (by g. 7.); that is, twice the Length of 
the Pendulum: But in twice that Time (vi. 
during a whole Vibration) the Body would 
fall four Times as far (Chap. V. $.4.), that is, 
31 eight Times the Length of the Pen- 

ulum. 


XI. Tas Times, that Pendulums of diffe- 


rent Lengths perform their Vibrations in, are 
as the ſquare Roots of their Lengths *. 
XII. Taz Center of Oſcillation is a Point in 
which, if the whole Gravity of a Pendulum 
was collected, the Time of its Vibration would 
not be alter d thereby ; this is the Point from 
OY E _—. ——_———— 


See the Deſcription of a 05 loid in the foregoing Page, demon- 
ſtrated in the Appendix, 20 < \ 7 | 


Dem. Let there be two Pendulums A and B { Fig. 10. and 
11.) of different Lengths, the Time the firſt vibrates in (ſuppoſe 
through a Chord) is equal to the Time in which a Body 
would fall freely through DA, the Diameter of the Circle (as 
demonſtrated 5. 7.) ; in like Manner the Time B vibrates in is 
that in which a Body would fall through FB. Now the Times 
in which Bodies fall through different Spaces are as the ſquare 
Roots of thoſe Spaces, that is, of DA and FB, or of their 
Fg and CB, 4. e. of the Lengths of the Pendulums. 

+- The Rule for finding 9 of Oicillation, 1 
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whence the Length of a Pendulum is mea- 
ſur d, which in our Latitude, in a Pendulum 
that ſwings Seconds, is thirty nine Inches and 

two Tenths. it q 
XIII. Tae Squares of the Times in which 
Pendulums, acted upon by different Degrees 
of Gravity, perform their Vibrations in, are 
to each other, inverſly as the Gravities -. 
FROM whence it follows, that a Pendulum 

will vibrate flower when nearer the Equa 
than the fame when nearer the Poles; for 
bi 


If the Ball AB- (Fig. 12) be hung by the String CD, whoſe 
Weight is inconſide rable, the Center of Oſcillation is found thus; 


ſuppoſe E the Center of the Globe, take the Line K of ſuch a 


* 


Length, that it ſhall bear the ſame Proportion to ED as ED 
to EC, then EH being, made equal to 4-of &, the Point H ſhall 
be the Center of Oſcillation. 1 
If the Weight of the Rod CD be too conſiderable to be neg- 
lected divide CD (Hg. 13.) in J, ſo that DJ may be equal to 
+ of CD, and make a Line as G, in the ſame Proportion to CI, 
that the Weight of the Rod bears to that of the Globe, then 
having found 1 the Center of Oſcillation of the Globe, as be- 
fore, divide IH in L, ſo that IL may bear the ſame P ion 
to LH, as the Line CH bears to the Line G; then will L be 
the Center of Oſcillation of the whole Pendulum. See the Me- 
thod of finding a general Rule for determining the Center of 
Oſcillation in all Caſes whatever, in the Appendix. > {Tt 
* Dem. The Spaces, falling Bodies deſcend through, are as 
the Squares of the Times, when the Gravity by which they 
are impell'd is given (Chap. V. F. 4); and as the Gravity 
when the Time is given (for the Sum of the Velocities produced 
in any Time will fat. be as the generating Forces:) Conſe- 
quently when neither is given, they are in a Ratio compound- 
ed of both; the Squares of the Times are therefore inverſly as 
the Gravities. [For if in 3 Quantities a b, c; a is as b e, 


#hen b: - i. e. if a i given, 472 or as c inverſiy.] But if 
the 
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Chap. VII. Projetliles. 35 
the Gravity of all Bodies is leſs, the nearer 
they are to the Equator ; viz. on account of 
the ſpheroidical Figure of the Earth, and its 
Rotation about its Axis, as will be explain'd 
hereafter. To which we may add the Increaſe 
of the Length of the Pendulum occaſion d by 
the Heat in thoſe Parts; (for we find by Ex- 
pris that Bodies are inlarged in every 

imenſion in Proportion to the Degree of 
Heat that is given them;) for which Reaſon 
(J. 11.) the Vibrations of the Pendulum will 
alſo be ſlower. 


CHAP, VIL 
Of Projett iles. 


BODY, projected in a Direction pa- 
rallel or oblique to the Horizon, would 
proceed on in inſinitum in a right Line (by 
the firſt Law of Nature); but being continually 
accelerated towards the Earth by its Gravity, it 
will deicribe a Curve called a Parabola *. 


the Squares of the Times, in which Bodies fall through given 
Spaces, are inverſly as the Gravities by which they are acted 
upon; then the Squares of the Times, in which Pendulums of 
equal Lengths perform their Vibrations, will be alſo in the 
ſame Ratio, on account of the conſtant Equality between the 
Time of the Vibration of a Pendulum, and of the Deſcent 
of a Body through eight Times its Length ($. 12.) 

* Dem. Let us ſuppoſe the Body thrown from 4 in the 
Direction 4B horizontally (Fig. 14.) or obliquely (Fig. 15.) it 


would (if not attracted towards the Earth) move _— 


E 2 
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from A towards B, that is, in equal Times it would deſcribe e- 
qual Parts of the Line AB, as AC, CD, DE, &c. but, if in 
the firſt Portion of Time, while it would move from A to 
C, it would have deſcended from A to G by its Gravity, had it 
only been let drop from thence; it will by a Compoſition 
of theſe two Motions (Chap. IV. F. 2.) at the End of that 
Time be found in H, the oppoſite Angle of the Parallelo- 
ome ACGH. Then in twice that Time, wiz. while it would 
ve moved over two equal Portions, or from 4 to D, it 
would fall downwards to M, four Times as far as before (Chap. 
V. C. 4.) and will therefore be found in J, ſuppoſing DI 
equal and parallel to 4M. Then again in three Portions of 
Time, or while it would, have moved over three Diviſions, 
that is from A to E, it would have fallen downwards nine 
Times as far as in the firſt Portion of 'Time. and therefore be- 
ing carried by theſe two Motions will at the End of that 
Time be found in K, ſuppoſing EX, or its equal AN, nine 
Times as long as AG or CH, &c. Therefore the Lines CH, 
DI, EX, &c. which are to each other as the Numbers 1, 4, 
9, &Cc, are as the Squares of the Lines 4C, AD, AE; (theſe 
being only as the Numbers 1, 2, 3.) But this is the Pro- 
perty of the Parabolic Curve. (See De L' Hoſpital B. I. Prop. 1. 
Corol. 2. and Prop. 3. Corol. 1.) Conſequently the Curve 
AHIXK, &c. which the Body moves in, whether thrown hori- 
zontally or obliquely, is a Parabola, 2. E. D. 8 
Lemma 1. The Quotient which ariſes from the Diviſion of 
the Square of the Line 4C by the Line 4G, wiz. the Quantity 
409 | 


—1 (in either of the Parabolic Curves, Fig. 14. or 15) or 


35 = 
the Square of the Line 40 divided by 4M, vis If, or 


the Square of AE divided by AN, viz. 7 is equal to the 
| A 


Parameter of the Point A. for GHq is equal to 4G multiplied 
by the Parameter (De L'Heſpital Con. Sect. B. 1. Prop. 1 & 3.) 
therefore the Parameter is equal to GHq divided by 4G, that 1s, 
= The ſame is demonſtrable of AD divided by AM, &c. 
and conſequently any of theſe Quantities may be indifferently 
put to expreſs the Parameter of the ſame Point. ; 
Lemma 2. The Velocity a Body would acquire by falling 
from an Height equal to the fourth Part of the Parameter gf 
the Point 4, is to the Velocity it would acquire by falling 
from 4 to N, as AE is to twice AN, Dem, 


P_ a e 
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Dem. Since we are — the Velocity, which a Body 
would acquire by falling through a fourth Part of the Parame- 


ter, with that which it would acquire by falling to NM. let AEg, 


AN 
be made choice of to denote the Parameter. 'Th Evil ex- 
pa a fourth Part of the Parameter. Now becauſe the Ve- 
acities, acquir'd by falling Bodies, are. as the ſquare Roots of 
the Spaces they fall through (Chap. V. $. 6.) the Velocity, ac- 
quir'd by a Body in deſcending trocgh 42 Weis to that Velo- 
city, which it would acquire by falling through AN, as the 


ſquare Root of 27 to the ſquare Root of AN; that is, ex- 


: | 12 24 E | 
tracting the Roots of thoſe Quantities as JAN o VAN. 


and, multiplying each Term by / AN. as 3 AE to AN, or as 
AE to twice AN. Q. E. D. | | 

Prop. The Velocity a Body ought to be projected with, to 
make it deſcribe a given Parabola, is ſuch as it would acquire 
by falling through a Space equal to the fourth Part of the 
Parameter belonging to that Point of the Parabola, from whence 
it 15 intended to be projected. 

Dem. The Velocity with which a Body muſt be projected 
from 4 towards B, to make it deſcribe the given Parabola 
AHK, muſt be ſuch, as would carry it to C by an uniform 
Motion, in the ſame Time that it would deſcend by its Gra- 
vity from 4 to G; and to E in the Time it would fall to 
NM, &c. as was before obſerved. . Now the Velocity, with which 
the Line AE is deſcribed with an uniform Motion, is to that 
which is acquired by the Body in falling to N in the ſame 
Time, as AE is to twice ANV; becauſe (Chap. V. F. 7.) its Velo- 


City in N would have carried it over twice AN in that Time, 
' had it alſo been uniform. But by Lemma 2. the Velocity a 


Body would acquire, by falling through a Space equal to a fourth 
Part of the Parameter of the Point 4, is to that which it 
would acquire by falling from A to N, alſo as AE to twice 
AN. Since therefore the Velocity, with which the Line AE 
is deſcribed (or, which is the ſame Thing, that whereby the 
Body is projected) and that which a Body would acquire by 
falling through a fourth Part of the Parameter of the Point 


A, 


«| 
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A, bear one and the ſame Proportion to that Velocity which 
a Body would acquire by falling from 4 to N, they muſt be 
equal. Q. Z. D. 

Corol. This affords us an eaſy Method of finding what Di- 
rection it is neceſſary to throw a Ball in with a given Ve- 
locity, in order to ſtrike an Object in a given Situation, v. g. 
Let it be requir'd to ſtrike an Object as X, with a Ball thrown 
from 4 with a given Velocity. Here it is only neceſſary to 
make the Triangle AMX (ſuppoſe a right Line drawn from 


A to K) ſuch chat FL, or which is the ſame Thing 41 in 
the Triangle AEK, may be equal to four Times the Space a 
Body muſt fall through, to acquire ſuch a Degree of Velocity as 
that with which it is intended to be thrown, and then AE will 
be the Direction ſought. In order to this we muſt lay down 
the following Lemma. 

Lemma. Let there be a Circle as ABC (Fig. 16) AKa Tangent 
in the Point 4, AB and X parallel to each other, and let 


the other Lines be drawn, as in the Figure, I ſay I= A B. 


For the Angle ABE is equal to the Angle EAX (32. Elem. 3.) 
and the Angle BAE is equal to the Angle AEK as alternate, 
therefore the Triangles ABE and AE K are ſimilar ; conſe- 
quently AB is to AE, as AE to EK, and multiplying the 
extreme Terms together, and middle Terms together, AB X 
EK=—=AEg and dividing both Sides of the Equation by EX, 


4B =. Q. B, D. By the fame Method of arguing 


#7 may be proved equal to AB. 


The PROBLEM. 


Let it be requir'd to ſtrike an Object in a given Situation as X 
(Fig. 17.) with a Ball projected from 4 witha given Velocity. 
Solution. Ere& AB perpendicular to the Horizon, and e- 
qual to four Times the Height a Body muſt fall from, to ac- 
uire the Velocity with which the Ball is to be thrown ; biſ- 
ect this in the Point G, through which draw HC perpendi- 
cular to AB, and meeting the Line 4C (perpendicular to 
AK) in C. On C as a Center with the Radius C A, deſcribe 
the Circle 45D; laſtly, through K draw the Line XE per- 


pendicular 
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II. Tame greateſt horizontal Diftance, to 
which a Body can be thrown with a given Ve- 
locity, is at the Elevation of 45 Degrees“. 

III. If two Balls are thrown at different 
Ele vations (but with equal Degrees of Velo- 
city) the one as much above forty five De- 
grees as the other below, the horizontal Di- 
ſtances (or Randoms) where they both fall, 
will be the fame f. 36 33s | 


IV. Tur 


pendicular to the Horizon, cutting the Circle in the Points E and 
J; I fay AE or Al will be the Direction ſought. | | 

| | AEg Al 

For by a Lemma, AB == or M bat (er conſtructio- 
vc) 45 is equal to four Times the Height a Body muſt fall 
from, to acquire the Velocity with which it is to be thrown, 
therefore its Equal Tort, is the ſame, Which by the Co- 
rollary was the Thing requir'd to determine the Direction 
N conſequently the Parabola, which the Body will de- 
ſcribe, will paſs through the Point X. Q. E. D. * 

Coroll. 1. From hence it is evident, that if the Object 
be ſtruck be placed any where in the horizontal Line 40 
(Fig. 18.) beyond 2, the Problem is impoſſible; for then 2H 
will not touch the Circle, and the Ball will not reach that 
Point with any Direction whatever, 


* And that when the Ball is directed towards H, it will 
fall on Q the greateſt Diſtance it can poffibly be thrown to; 
but the Angle 2 4 H being equal to A B H in tbe oppoſite 
Segment (32. Elem. 3.) is equal to half AGH at the Center 
(20 Elem. 3.) which is a right one ; conſequently 24H is an 
Angle of 45 Degrees. | f 


+ Caroll. 2. If the Object is ſituated in the horizontal Line 
AO (Fig. 19) but nearer to 4, than the greateſt horizontal 
Diſtance at which it may be ftruck, 45 4 in K ; the two 
Directions AE and Al, with which it may be hit, are — 
the pate | G 
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IV. Tur Height a Body will riſe to, when 

thrown perpendicularly upwards, is equal to 

half the greateſt horizontal Diſtance it can be 

thrown to, with the tame Velocity“. 

. FROM hence we may eaſily know how far 


a Mortar-Piece, -or other ſuch Machine, will 


carry a Ball, Let the Ball be ſhot perpendi- 
cularly upwards, note the Time of its Aſcent 
and Deſcent, half that is the Time of Deſcent, 
from whence we learn the Height from which 
it falls (for Bodies are obſerv'd to fall in the 
firſt Second of Time ſixteen Feet, conſequent- 
ly in two Seconds they fall four Iles ren 
Feet (Chap. V, g. 4.) in three, nine Times as 
much, Sc. but the perpendicular Height from 
whence it falls is the ſame with that to which 
it aſcended, conſequently (g. 4.) the double of 
this is equal to the greateſt horizontal Diſtance 
to which that Machine will carry the Ball with 
an equal Charge. | 


diſtant from the Direction AH ; for the Angles IAH and 
HAE are equal, as inſiſting on equal Arches IH and HE, 
(28. Elem. 3. dy 20 


* Coroll. 3. The Altitude of a perpendicular Projection is 
equal to a fourth Part of the Height AB ; for the Velocity, 
with which the Body is projected. is (2x byporh.) ſuch as 
it would acquire by falling through a fourth Part of the Line 
AB: but a fourth Part of the Line AB is equal to half the 
Line GH, or 42 (Fig. 18.) that is, half the greateſt hori- 
zontal Diſtance to which the Body can be thrown. 

See Cotesr's Harmonia Menſürarum, p. 87. Keil's Introduct. 
ad Phyſ. Præl. 16. | * ö 
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V. Tur Randoms of two ProjeCtiles, hav- 
ing the ſame Degrees of Elevation, but thrown 


the Velocities : For by the laſt, the Randoms 
are equal to double the Heights to which the 
Bodies thrown perpendicularly upwards will 
aſcend, but the Heights are (Chap. V. g. 6.) 
as the Squares of the Velocities, therefore the 
Randoms are ſo too. 
VI. SupPosING the Motion of the Earth, 
all Bodies, when thrown perpendicularly up- 
wards, de ſeribe Parabold's ; notwithftanding 
they appear both to aſcend and deſcend in the 
ſame right Line. | 
Tuts may very eaſily be illuſtrated in the 
following Manner; let there be a Body car- 
ried uniformly along the Line AB (Fig. 20.) 
by the Motion of the Earth from A towards 
B; as it paſſes the Point C let it be projected 
upwards, by fome Force acting underneath it 
in the Direction CO perpendicular to the ſor- 
mer ; the Body will not thereby lofe its Mo- 
tion, which it had in common with the Earth, 
towards B (by the firft Law of Nature) but 
will be carried by two Motions, one towards 
B, the other-towards O ; let us then ſuppoſe, 
that in the Time it would have advanced for- 
wards to P in the Line AB, it riſes upwards to 
M in the Line CO; it will then be ſound 
in D (Chap. IV. G. 2.) In like Manner, ſup- 
poſing it would have advanced forward to Q 
1 F while 


with different Velocities, are as the Squares of 
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while it riſes to N, it would then be found in 
E, afterwards in F, then in G, Gc. deſcribing F 


the Curve CGL which (from what was de- 
monſtrated under {. 1.) is a Para bola“*. 


Tae Reaſon, why it appears to a Spectator 
to riſe and fall perpendicularly, is becauſe he is 
carried uniformly along with it by the Motion 
of the Earth in the Direction AB. v. g. Sup- 
poſe the Spectator at Cat the Inſtant he Body F 
is thrown from thence, when it arrives at D, he 
will be moved toP, when the Body is at E he F 
will be at Q, Sc. as is evident from what was 

obſerved about the Motion of the Body in the F 
Curve; and they will both meet in L. There- 
fore ſince the Spectator imagines himſelf ſtand- 
ing ſtill, and ſees the Body always perpendicu- 
larly over his Head, he muſt of Courſe think, 
that it riſes right up, and falls right down. 


It may be proper to obſerve here, that Ex- 
periments, relating to the Motion of projected 
Bodies, do not exactly anſwer the Theory, 
the Reſiſtance of the Air deſtroying Part of 


their Motion ; for which a ſmall Allowance is F 
to be made. 


* Dem. Suppoſe the Motion the Body had in common with 
the Earth towards B (Fig. 21.) and that with which it 1s 
projected towards O, ſuch, as being compounded (Chap. IV. F. 2.) 
would have produced a Motion in the Direction CX; it will 
follow from thence, that the Path deſcribed by it will be the 
ſame, as if it had been thrown in that Direction from a Point 
as C atreſt; but in that Caſe it would have deſcribed a Pa- 

rabola as CGL (F. 1.) therefore alſo in this. 2. F. D. 
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CHAP. VIII. 
Of Centripetal and Centrifugal Forces. 


HEN a Body is projected in an ho- 

rizontal Direction, and by its Gravity 
made to deſcribe a Parabola, as demonſtrated 
Chapter the laſt; the Curvature of that Para- 
bola will vary in Proportion to the Velocity 
with which the Body is thrown, and the Gra- 
vity which impels it towards the Earth. For 
the leſs its Gravity is in Proportion to the 
Quantity of Matter it contains, or the greater 
the Velocity is with which it is projected; the 
leſs it will deyiate from a ftraight Line, and 
the further it will go, before it falls to the 
Earth. For Inſtance, if a Bullet be ſhot out 
of a Cannon from the Top of a Mountain 
with a given Velocity in an horizontal Dire- 
ction, and goes in a Curve Line, ſuppoſe to 
the diſtance of two Miles from the Foot of the 
Mountain before it falls to the Ground; 
the ſame Bullet, ſnot with a much greater Ve- 
locity, would fly to a much greater Diſtance 
before its Fall. And by encreaſing the Velo- 
city, the Diſtance to which it is projected may 
be encreaſed as much as you pleaſe; ſo that 
it will not fall to the Ground, till it is arrived 
at the Diſtance of ten, or thirty, or ninety 
F 2 Degrees ; 
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Degrees; or till it has even ſurrounded the 
whole Earth, and arrives at the very Top of 
the Mountain from whence it was projected: 
In this Caſe it. will perform a ſecond Reyalu- 
tion, and fo on in infinitum without a new 
Projection, provided the Reſiſtance of the Air 
is taken away, Nay it may be projected, with 
ſuch Violence, that it will continually recede 
from the Earth, moving in a Curve, till at 


length it goes out of the Sphere of the Earth's 


Attraction; aſter which it will go on in a 
fraight Line without ever returning. Which 
may thus be illuſtrated, 

LET ABC (Fig. 22.) repreſent the Earth, 
M the 'Top of the” Mountain from whence 
the Body is projected in the Direction MQ: 
It may be thrown with ſuch Force as to carry 
it to B before it falls, or to C, or even to ge 
round to M, deſcribing the Circle MDM; 
or laſtly, it may be made to deſcribe the Curve 
MO, tillirgets out of the Sphere of the Earth's 
Attraction, ſuppoſe at O, going on afterwards 
in the infinite ſtraight Line OX, there being 


nothing to ſtop or alter its Courſe. © Farther: . 
it may be projected with ſuch a Force from 
M (Fig. 23.) as will cauſe it continually to 


recede from the Earth, till it arrives at the 
oppoſite Point G, deſcribing the Curve MKG; 


and if the Point & is within the Sphere of 


the Earth's Attraction, the Body will return 
to M, deſcribing the Curve GEM exactly ſi- 
| milar 
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45 
milar to MKG; and in moving nearer and 
nearer to the Earth, till it comes to M, will 
regain what Velocity it loſt in going from M 
to G, its Gravity conſpiring with its Motion 
OT G to:M in the fame Degree in which it 

oppoſed it from M to G; conſequently the 

ody when at M, having recovered the Velo- 
city with which it ſet out, will be enabled to 
perform a ſecond Revolution in the ſame Curve 
as before; and ſo on. 

AGain, ſuppoſe it had been proj d from 
the Point M, with a leſs Degree of Force than 
would have carried it round in the Circle 
MDM (Hg. 22.) but greater than would have 
ſuffered it to have fallen to the Earth at the 
oppolite Point F (Fig. 23.) it would alſo in 
this Caſe have arrive at the Point of M from 
hence it ſet out; for the Exceſs of Velocity 
it would have gained in F, by its Tendency 
towards the Earth in its Way thither, over and' 
above that, with which it was projected from 
M, would be ſufficient to carry it off again 
from the Earth, till it arrived at M; and to 
make it deſeribe the Path FPM exactly ſimi- 
lar and equal to the former, loſing in its Way 
from F to M juſt ſo much Velocity, as it * 
ed by paſſing from M to F; and thereby it 
would be inabled to perform an infinite Num- 
ber of Revolutions in the ſame Curve, with- 
out requiring a ſecond Projection. 
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Fon hence it follows, that ſuppoſing a 
Body projected from a Point at any Diſtance 
within the Sphere of the Earth's Attraction, 
with a Force ſufficient to carry it half round 
without falling to the Surface, it is impoſſible 
it ſhould fall upon any Part of the other half; 
but will return to the Point from whence it 
{et out, making continual ſucceſſi ve Revolu- 
tions in the ſame Curve; provided it meets 
with no Reſiſtance from the Medium through 
which it paſſes, nor any other Obſtacle to ob- 
ſtruct its Motion *. | | 

FROM hence allo it is clear, that, the near- 


er the revolving Body approaches to the Earth, 
the faſter it moves; its Velocity being conti- 


nually increaſed during the Time of its Acceſs 


towards the Earth, and as much retarded du- 


ring its Receſs from it. And this Accelera- 
tion and Retardation will always be ſuch, that 
the Body will defcribe equal Areas in equal 
Times: The meaning of which is, that if we 


imagine a Line conftantly extended from the 
Center of the Earth to the Center of the 


Body, that Line will always deſcribe or paſs 
through equal Surfaces or Spaces in equal 


* Gravity is here ſuppoſed to be inverfly as the Squares of 


the Diſtances from the Earth, for 'tis poſſible that the Force, 
by which a Body tends towards another, may vary in ſuch a 
Manner at different Diſtances, that the projected Body ſhalt 
deſcribe a ſpiral Line, continually approaching to, or receding 
from that about which it revolves. BY | 
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Times, for it conftantly becomes ſhorter the 
faſter it moves, and vice vers *. EF 


AnD for the ſame Reaſon that a Body, pro- 
jected with a ſufficient Velocity, may by the 
. of Gravity be made to deſcribe a Curve 
round the Earth, and perform continual ſuc- 
ceſſive Revolutions therein ; it follows, that 


the Moon may by the ſame Force of Gravi- 


* Dem. Let the Time in which the Body performs one Re- 
volution be divided into equal Parts, in the firſt of which let 
the Body deſcribe the right Line AB (Fig. 24.) in the ſecond 
Part of Time, if not prevented, it would go ftraight on to c. 
deſcribing the Line Bc equal to AB by the firſt Law of Na- 
ture; the Lines SA, SB, Sc being drawn, the Triangles SBA, 
ScB, will be equal to each other, their Baſes AB and Bc be- 
ing equal, and their Heights & the ſame (38. E/em.1.) When 
the Body arrives at B, let the centripetal Force by one ſingle 
Impulſe turn it out of the ſtraight Line Be into the Line BC; 
in which let it move on uniformly without receiving a ſecond 
Impulſe till it comes to C. Let Ce be drawn parallel to S B 
meeting BC in C; then at the End of the ſecond Part of Time, 
the Body will be found in C, having deſcribed the Diagonal 
of the Parallelogram Ne (Chap. IV. F. 2.) Draw SC, and the 
Triangle SCB will be equal to the Triangle -$cB, each hav- 
ing the ſame Baſe 8 B and being between the ſame Parallels 
Cc and SB) and therefore alſo equal to the Triangle SBA. 
For the ſame Reaſon, if the centripetal Force acts in the Points 
C. D, E ſucceſſively, ſo as to make the Body deſcribe the 
firaight Lines CD, DE, EF, &c. in ſo many equal Parts of 
Time, the Triangles SCD, SDE, SEF, &c. will be all equal 
to one another and to the Triangle $4B. Conſequently equal 
Areas are deſcribed in equal Times. Let us then ſuppoſe the 
Baſes. of thoſe Triangles, vis. AB, BC, CD, DE, &c. d- 
miniſhed zz infinitum, and likewiſe the Times in which they 
are deſcribed; then will the Perimeter 4, B, C, D, E, F. 
&c. become a Curve, and any Number of thoſe Triangles taken 
together (or their Areas) will be proportionable to the Times 
in which they are deſcribed, 2. E | 


ty 
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ty be made to reyolye about the Earth or any 
other Planet by the like Force, about the 
Sun; if the Velocities with which they move 
are duly adjuſted to the Forces, by which they 
are acted upon. | 7 

Wurd a Body reyolves about another in 
this Manner, that Force or Power by which it 
is prevented from flying off (as it otherwiſe 
would do in a Tangent to the Curve which it 
deſcribes) is call'd the Centripetal; the Coun- 
ter- action of this, by which it endea vours to 
fly off, the Centrifugal , theſe, by the third 
Law of Nature being equal to each other, 
are called by one common Name, Central 
Forces ; that with which the Body is at firft 
Fabre or continues its Motion from any 

oint, is the Projectile Force; and the Time 
in which it performs one Revolution, the Pe- 
riodical Time. 


Tnksk Forces, properly relating to the Mo-— 


tions of the Heavenly Bodies, will be more 
largely treated of in another Place. 


CHAP IX. 
Of the Communication of Motion. 


I. EFORE we proceed to explain the 
Laws, by which Bodies communicate 
their Motion from one to another, it is very 
neceſſary 
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neceſſary to make a Diſtinction between Mo- 
tion and Velocity; which ought to be well ob- 
ſery'd, and is as follows. 
By the Motion of a Body (ſometimes called 
its Quantity of Motion, ſometimes its Momen- 
tum) is not to be underſtood the Velocity only, 
with which the Body moves; but the Sum of 
the Motion of all its Parts taken together: 
Conſequently the more Matter any Body con- 
tains, the greater will be its Motion, though 
its Velocity remains the ſame. Thus, ſuppoſing 
two Bodies, one containing ten Times the Quan- 
tity of Matter the other does, moving with 
equal Velocity; the greater Body is ſaid to 
have ten Times the Motion, or Momentum, 
that the other has: For tts evident, that a 
tenth Part of the larger has as much, as the 
other whole Body. In ſhort, that Quality in 
moving Bodies, which Philoſophers underſtand 
by the Term Momentum or Motion, is no 
other than what is vulgarly called their Force, 
which every one knows to depend on their 
uantity of Matter, as well as their Velocity. 
This is that Power, a moving Body has to affect 
another in all Actions that ariſe from its Mo- 
tion, and is therefore a fundamental Principle 
in Mechanics. * | a 
II. Now, ſince this Momentum, or Force, 
depends equally on the Quantity of Matter a 
Body contains, and on the Velocity with which 
it moves; the Method, to determine how 
| 1 1 
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great it is, is to multiply one by the other. - 
Thus, ſuppoſe two Bodies, the firſt having 
twice the Quantity of Matter, and thrice 
the Velocity which the other has; any two 
Numbers, that are to each other as two to one, 
will expreſs their Quantities of Matter (it be- 
ing only their relatiye Velocities and Quyanti- 
ties of Matter which we need conſider) and 
any two Numbers that are as three to one 
their Velocities ; now multiplying the Quan- 
tity of Matter in the firſt, vi. two by its Ve- 

locity three, the Product is fix ; and multi- 

plying the Quantity of Matter in the ſecond 

y its Velocity, vis. one by one, the Product 

is one ; their relative Forces therefore or Pow- 

ers will be as fix to one, or the Moment of one 


is fix Times greater than that of the other. 


Again if their Quantities of Matter had been 
as three to eight, and their Velocities as two to 
three, then would their Moments have been as 
ſix to twenty four, that is, as one to four. 

Tuis being rightly apprehended, what fol- 
lows, concerning the 2 — of the Communica- 
tion of Motion by Impulſe, and the mechani- 
cal Powers, will be caſily underſtood. 


I he Communication of Motion. 
I. In Bodies not Elaſtic. 


+. Taose Bodies are ſaid to be not Ela- 
ſtic, which, when they ſtrike againſt one ano- 
| ther, 
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ther, do not rebound, but accompany one a- 
nother after ImpaQ, as if they were joined, 
This proceeds from their retaining the Impreſ- 
ſion, made upon their Surfaces, after the im- 
preſſing Force ceaſes to act. For all rebound- 
ing is occaſioned by a certain Spring in the 
Surfaces of Bodies, whereby thoſe — which 
receive the Impreſſion made by the Stroke, 
immediately ſpring back, and throw off the 
impinging Body ; now, this being wanting in 
Bodies void of Elaſticity, there follows no Se- 
paration after Impact: cha 
IV. Wag one Body impinges on another 
which is at reſt, or moving with leſs Velocity 
the ſame Way, the Quantity of the Motion 
or Momentum in both Bodies taken together 
remains the ſame after Impact, as before; for 
by the third Law of Nature, the ReaQtion of 
one being equal to the Action of the other, 
what one gains, the other muſt loſe. x 
Tuus, ſuppoſe two equal Bodies, one im- 
pinging with twelve Degrees of Velocity on 
the other at reſt : The Quantities of Matter in 
the Bodies being equal, their Moments and 
Velocities are the ſame; the Sum in both 
twelve; this remains the ſame after Impact 
( 4) and is equally divided between them 
(9: 3.) they have therefore fix a- piece, that is, 
e impinging Body communicates half its 
Velocity, and keeps halt. 
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V. Wurd two Bodies impinge on each o- 
ther by moving contrary Ways, the Quantity 
of Motion, they retain after Impact, is equal 
to the Difference of the Motion they had be- 
fore ; for by the third Law of Nature, that, 
which had the leaſt Motion, will deſtroy an 
equal Quantity in the other, after which they 
will move together with the Remainder, that 
is the Difference. * 

Tuus for Inftance, let there be two equal 
Bodies moving towards each other, the one 


with three Degrees of Velocity, the other with 


five, the Difference of their Moments or Velo- 
cities will be two; this remains the ſame after 
Impact (J. 5.) and is equally divided be- 
tween them ({. 3.) they have therefore one 
a-piece : That is, the Body, which had five 
Degrees of Velocity, loſes three or as much as 
the other had, communicates half the Remain- 
der, and keeps the other half “. 


From theſe Poſitions it is eaſy to reduce a Theorem, that 
ſhall ſhew the Velocity of Bodies after Impact in all Caſes what- 
ever. Let there be two Bodies A and B, the Velocity of the firſt 
a, of the other þ ; then [F. 2.) the Moment of 4 will be ex- 
preſſed by Aa, and of B by B; therefore the Sum of both 
will be Ja-+Bh ; and Aa- will be the Difference when 
they meet. Now theſe Quantities (by F. 4. and g.) remain the 
fame after Impact; but knowing the Quantities of Motion and 
Quantities of Matter, we have the Velocity (which 5. 3. is the 
ſame in both) by dividing the former by the latter (as follows 
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II. In Elaſtic Bodies. 


VI. Bopies perfectly Elaſtic are ſuch as re- 
bound after Impact with a Force equal to that 
with which they impinge upon one another: 
Thoſe Parts of their Surfaces, that receive the 
Impreſſion, immediately ſpringing back, and 
inging Bodies with a 
Impact. | 
VII. From hence it follows, that the Action 
of Elaſtic Bodies on each other (that of the 
Spring being equal to that of the Stroke) is 
twice as much as the ſame in Bodies void of 
Elaſticity. Therefore, when Elaſtic Bodies 
impinge on each other, the one loſes, ' and 
the other gains twice as much Motion as if 
they had not been Elaſtic ; we have therefore 
an eaſy Way of determining the Change of 
Motion in Elaſtic Bodies, knowing firſt what 
it would have been in the ſame Circumſtances, 
had the Bodies been void of Elaſticity. 
Tuvs, if there be two equal and Elaſtic 
Bodies, the one in Motion with twelve De- 


grees of Velocity im pinging on the other at 


teſt, the impinging 


y will communicate 


twice as much Velocity as if it had not been 
Elaftic, that is (by b. 4.) twelve Degrees, or 
all it had; conſequently it will be at reſt, and 


the other will moye on 


ty of the former. 


VIII Ir 
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VIII. Ir ſometimes happens, that in Bodies 
not Elaſtic, the one loſes more than half its 
Velocity, in which Caſe, ſuppoſing them E- 
laftic, it loſes more than all; that is, the Ex- 
ceſs of what it loſes, above what it has, is ne- 
gative, or in a contrary Direction; thus, ſup- 
pole the Circumſtances of Impact ſuch, that a 
Body, which has but twelve Degrees of Velo- 
city, loſes ſixteen; the overplus four is to be 
taken the contrary Way, that is, the Body will 
rebound with four Degrees of Velocity. v. g. 
Let it be required to determine the Veloce 
of a Body after Impact againſt an immoveable 
Object. Let us firſt ſuppoſe the Object and 
Body both void of Elaſticity: Tis evident the 
impinging Body would be ſtopp'd or loſe all its 
Motion, and communicate none ; if they are 
Elaſtic, it muſt loſe twice as much (by ; 7.) 
and conſequently will rebound with a Force 
equal to that of the Stroke, _ e 
IX Ir is ſufficient if only one of the Bo- 
dies is Elaſtic, provided the other be infinitely 
hard; for then the Impreſſion in the Elaſtic 
Body will be double of what it would have 
been, had they both been equally Elaſtic: And 
conſequently the Force, with which they re- 
bound, will be the ſame. as if the Impreſſion 
had been equally divided between the two 
Bodies. n A SEE 
X. THERE are no Bodies, that we know. 
of, either perſectly Elaſtic, or infinitely hard; 
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the nearer therefore any Bodies approach to 
Perfection of Elaſticity, ſo much the nearerdo 
the Laws, which they obſerve in the mutual 
Communication of their Motion, approach to 
thoſe we have laid down. 
XI. Sir Isaac NewToON made Trials with 
ſeveral Bodies, and found that the fame De- 
ree of Elaſticity always appeared in the ſame 
Bodies, with whatever Force they were ſtruck, 
ſo that the Elaſtic Power, in all the Bodies he 
made Trial upon, exerted itſelf in one conſtant 
Proportion to the compreſling Force. He found 
the Celerity with which Balls of Wool, bound 
up very compact, receded from each other, to 
bear nearly the Proportion of five to nine to the 
Celerity wherewith they met ; and in Steel, he 
found nearly the ſame Proportion; in Cork the 
Elaſticity was ſomething leſs, but in Glaſs 
much greater; for the Celerity, with which Balls 
of that Material ſeparated after Percuſſion, he 
found to bear the Proportion of fifteen to ſix-" 
teen to the Celerity where with they met“. 
XII. We have hitherto ſuppoſed the Di- 
rection, in which Bodies 81 7 noon one 
another, to be perpendicular to their Surfaces : 
When it is not ſo, the Force of Impact will 
be leſs, by how much the more that Direction 
varies from the Perpendicular ; for it is ma- 
nifeſt that a direct Impulte is the greateſt of all 


* Newt. Princip. Phil. pag 21. 
| | 1 208 others 
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others that can be giyen with the ſame Degree 

of Velocity *. ; | 
XIII. Tuis is the Caſe, when Bodies impel 


one another by acting upon their Surfaces z 
but in Forces, where the Surfaces of Bodies 
are not concerned, as in Attraction, Gc. we 
muſt not conſider the Relation which the Di- 
rection of the Force has to the Surface of the 
Body to be moved, but to the Direction in 
which it is to be moved by that Force. Here 
the Force of Action will be leſs, by how 
much the more theſe two Directions v 
from each other f. My Meaning in both 
Caſes 


The Force of oblique Percuſſion is to that of direct, as the 
Sine of the Angle of Incidence to the Radius. 
Dem. Let there be a Plane as AD (Fig. 25.) againſt which let 
a Body impinge in the Point Din the Direction BD : which Line 
may be ſuppoſed to expreſs the Force of direct Impulſe, and may 
be geſolved into two others (Chap. IV. F. z) BC and BA; the 
one parallel, the other perpendicular to the Plane; but that Force 
which is exerted in a Direction parallel to the Plane can no Way 
affect it; the Stroke therefore ariſes wholly from the other Force 
expreſſed by the Line BA; but this is to the Line BD, as the Sine 
of the Angle of Incidence ADB to the Radius ; from whence 
the Propoſition is clear. | | 
If the Surface of the Body to be ſtruck is a Curve, then let AD 
be made a Tangent to D the Point of Incidence, and the Demon- 
ſtration will be the ſame. 


+ The Force of oblique Action is to that of direct, as the Co- 
Sine of the Angle comprehended between the Direction of the 
Fives, and that wherein a Body is to be moved thereby, to the 

adius, | 

Dem. Let FD (Fig. 26.) repreſent a Force aQting upon a 
Body as D, and impelling it towards E; but let DM be the 
only Way in which it is poſſible for the Body to move 5 the 

orce 
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Caſes will be underſtood from the Inſtance of 
a Ship under Sail. The Force, by which the 
Wind acts upon the Sail, will be leſs, by how 
much the more its Direction varies from one 
that is perpendicular to its Surface: But the 
Force of the Sail, to move the Ship forward, 
will be leſs, by how much the more the Di- 
rection of the Ship's Courſe varies from that, 
in which ſhe is impell'd by the Sail. | 
XIV. To this we may add the following 
Propoſition, relating to oblique Forces, viz, 
that, if a Body is drawn or impelled three 
different Ways at the ſame Time by as man 
Forces acting in different Directions; and if 
the, Quantity of thoſe Forces is ſuch, that the 
Body is kept in its Place by them: Then will 
the Forces be to each other, as the ſeve- 
ral Sides of a Triangle, drawn reſpectively 
parallel to the Directions in which they act 


Force FD may be reſolyed (Chap. 4. F. 2.) into two others F 
and FH, or which is equal to GD; bat tis evident that 
only the Force GD impels it towards M. Now, FD be- 
ing the Radius, GD is the Co-Sine of the Angle FDG com- 
rehended between the two Directions FE and GM; from 
whence the Propoſition is clear. ek de | 


Dem. Let the Lines 4B, AD, AE, / Fig. IN Ge reve 
the three Forces acting upon the Body 4 in thoſe Directions, 
and by that Means keeping it at reſt in the Point J. I hen 
the Forces EA znd DA will be equivalent to BA, otherwiſe 
the Body would be put into Motion by them (contra Hypoth.) 
But theſe Forces are alſo equivalent to 40 (Chap. IV. F. 2.) 
conſequently 4 / may be made uſe of to ex reſs the Force AB ; 
and BC, which is parallel and equal to AD, may expreſs the 
Force 4D, while 4 expreſſes its own: But ACE is a Tri- 

H angle 
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58 » Mechanical Powers. Part 1. 
CHAP. x. ö 
Of the Mechanical Powers: 


I. AVING, in the PLONE Chapter, 

accounted for the Communication of 
Motion by Impulſe; we proceed next to con- 
ſider Motion as communicated by Means of 
certain Inſtruments, commonly known by the 
Names of Mechanical Powers. The Uſe of z 
theſe Powers conſiſts chiefly in managing great 


Weights, or performing other Works with a a 
determinate Force. = 
II. TE are uſually reckoned five. vis. ; 1 
The Lever, the Wheel and Axis, the Pully, 
the Screw, and the Wedge; to which ſome 
add the inclined Plane. To1 theſe all Machines | 
how complicated ſoever are reducible. | 
III. Tusk Inſtruments have been of very 
ancient Uſe; for we find that Archimedes was 
well acquainted with the Extent of their Pow-| | 
er; as may be inferred from that celebrated 
Saying of his, Ade Ts  5@, val Tov Yov ird co. N 
By which he meant, that the greateſt imagi- 
nable Weight might be moved with the ſmal- 
leſt Power. 


angle whoſe Sides are all parallel to the given Directions; | 
therefore the Sides of this Triangle will expreſs the Relation of 
the Forces by which the Body is kept at reſt. E. D. 


TV. Tra 
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IV. Tur Body, which communicates Mo- 
tion to another, is called the Power ; that which 
receives it, the Weight. 


V. Tur Point in a Body, which remains 


called the Center of Motion. Beſides this, there 
are two other Centers in Bodies, 1. That of 
Magnitude, which is a Point, as near as poſſi- 
ble, equally diftant from all the external Parts 
of the Body; 2. That of Gravity, or that, about 
which all the Parts of the Body, in whatever 
8 it is placed, exactly balance each o- 
ther. 

VI. WugN a Body communicates Motion 
to another, it loſes juſt ſo much of its own, as 
it communicates to that other; the Action of 
one being equal to the Reaction of the other. 
See Chapter the laſt, g. 4. and 5. 

VII. Wren two Bodies have ſuch Rela- 
tion to each other (ſuppoſe them fixed to diſ- 
ferent Parts of the ſame Machine) that if one 
be put into Motion, the other will thereby 
neceſſarily have ſuch a Degree of Velocity gi- 
ven it, that their Moments will be equal ; ir 
will then be impoſſible, that one ſhould begin 
to move without communicating to the other 
a Quantity of Motion equal to its own ; tis 
evident therefore from the laſt Propoſition, that 
if we ſuppoſe it to begin to move, in that 
very Inſtant it muſt loſe all its own Motion 
by communicating the Whole to the other 
H 2 Body, 


at reſt, while the Body is turning round, is 
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Body, and therefore, being left to itſelf, will y 
remain at reſt, and communicate none at all. 

Now the Moments of two Bodies are equal 
(Chap. IX. F. 2.) when the Velocity of the 
firſt is to that of the ſecond, as the Quantity ' 
of Matter of the ſecond to that of the firſt; 
or if we ſuppoſe their Quantities of Matter 
as one to three, then by the Suppoſition their 
Velocities are as three to one; and if we mul- 
tiply the Quantity of Matter in the firſt, vi. 
one, by its Velocity three, and that of the o- 
ther, vi g. three, by its Velocity one; their Pro- 
duQs are equal; their Moments are therefore 
by the Definition (Chap. XI. G. 1. and 2.) equal. 
They will alſo be equal, when the Spaces the 
Bodies paſs over are in that Proportion; for the 
Times they both move in being the ſame, the 
Spaces will always be as the Velocities. 

VIII. FRon hence it follows, that in any ' 
Machine, whether ſimple or compound, the | 
Power however {mall may have a Moment 
equal to that of the Weight ; provided the 
Machine be ſuch, that when it is in Motion, 
the Velocity of the Power ſhall bear ſuch Pro- 
portion to that of the Weight, as the Weight 
docs to the Power; for then, what the Power 
wants in Quantity of Matter or Weight, will 
be made up in Velocity; conſequently their 
Moments will be equal by F. the laſt, and 
therefore by g. 7. they will exactly balance 
each other; or be in Aquilibrio. 

IX. Burt 


J 
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IX. Bur if the Power bears a greater Pro- 
portion to the Weight, than the Velocity of 
the Weight to that of the Power; it will 
then have a greater Momentum than the other; 
ſo that though the other receives all its own 
Moment from it when the Machine moves, 
yet there will ſome remain, which if it be fuf- 
ficient to overcome the Friction of the Machine, 
will keep it moving. 

We proceed now to treat of each Mecha- 
nical Power in its Order, and 


I. Of the 1 


X. Tur Lever is a right Line (or Bar whoſe 
Weight in Theory is not conſider'd) moveable 
on a Center, which is called its Fulcrum, or 
fixed Point. 

XI. Tug Equilibrium in this Machine is, 
when the Diſtance of the Power from the fixed 
Point is to that of the Weight from the ſame, 


as the Quantity of Matter in the Weight is to 


that in the Power. 

Fo, ſuppoſing the Lever placed on its Ful- 
crum with the Weight to be raiſed at one 
End, and the Power applied to the other; 
*tis evident, the farther the Power is placed 
from the Fulcrum or Center of Motion, the 
larger will be its Sweep when the Machine is 
put in Motion; that is, it will move over pro- 
portionably more Space in the ſame Time than 
the Weight to be raiſed: now, if it is placed juſt 


ſo 
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ſo many Times farther from the Fulcrum, as it is 
leſs than the Weight, it will move juſt ſo many 
Times faſter ; their Moments therefore will be 
equal (F.7.) and conſequently the Power and 
Weight will exactly balance each other, or be 
in AMquilibrio *. And, if the Power is ſufh- 
ciently augmented to overcome the Friction of 
the Machine, it will put it in Motion. 

Tur Lever is of three Kinds. 1. When the 
fixed Point is between the Weight and the 
Power, as in the laſt Caſe. 2. When the 
Weight is between the fixed Point and the 
Power. 3. When the Power is between the 
fixed Point and the Weight, 

Ix all which Caſes the ZEquilibrium will 
be, when their Diſtances from the fixed Point 
are ſuch, that their Velocities ſhall be inverſe- 


ly as their Quantities of Matter; for then (by 


(. 7.) being at reſt, neither of them will com- 
municate any Motion to the other 
Tur common Scales may be conſidered as 


* Geometrically thus. Let AB (Fig. 28.) repreſent the Le- 


ver, F the Fulcrum, the Weight, P the Power, the one ſuſ- 
Pong at the Extremity of the Lever A, the other at B, and 
et BF be to FA as V to P; then while the Lever moves from 
the Situation 4B into that of CD, the Point B which ſuſtains 
the Power will move as many Times farther than 4 which ſuſtains 
the Weight and conſequently as many Times faſter ſince they per- 
form their Motions in the ſame Time) as the Arch BD is longer 
than JC ; that is, the Triangles BFD and AFC being fimilar, 
as the Arm BF is longer than AF, which (ex Hypoth.) is as many 
Times as the Weight exceeds the Power, they. will therefore 
(J. 7-) be in Æquilibrio. 2. E. D. 

a Lever 
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a Lever of the firſt, Kind, where the Weight 


the fixed Point. 

The Steelyard is al a Lever of the firſt 
Kind, but whoſe Arms are unequal. 

Taz Difference between the Uſe of the 
Scales and the Steelyard conſiſts in this; that 
as in one you make uſe of a larger Power (or 
more Weights) to eſtimate the Weight of an 
heavier Body; in the other you uſe the ſame 
Power, but give it a greater Velocity with re- 
ſpe& to that of the Weight by applying it 
farther from the fixed Point, which by $ 7. 
will have the lame Effect. 


II. The Wunrl and Axis, 
XII. Tris Machine is a Wheel, that turns 
round together with its Axis the Power in 
this is applied to the Circumference of the 
Wheel, and the Weight drawn up by Means 
of a Rope wound about the Axis. 

XIII. In this there will be an Æquilibrium, 
when the Weight is to the Power, as the Dia- 
meter of the Wheel to the Diameter of the 
Axis. 

Tis evident, the Velocity of the Power will 
exceed the Velocity of the Weight, as many Times 
as the Circumference of the Wheel exceeds that 
of its Axis; becauſe the Spaces they paſs over 
in one Revolution will be. as thoſe Circum- 
ferences ; that is, as many Times as the Dia- 

meter 
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and Power are applied at equal Diſtances from 
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meter of one exceeds that of the other (the 

Circumferences of Circles being as their Dia- 

meters; ) what therefore in this Caſe the Pow - 

er wants in Weight will be made up in Velo- 

city, from hence (5. 7) there will be an . 
quilibrium *. 

Tur Uſe of this "Machine is to raiſk 
Weights to greater Heights than the Lever 
can Yo: becauſe the Wheel is capable of be- 
ing turned | ſeveral Times round, which the 
Lever is not; and alſo to communicate Mo- 
tion from one Part of a Machine to another; 


accordingly there are few 2 187. Machines 
without it. 


It. The Purity. 


NIV. A Pulley is an Inſtrument compoſed 
of one or more Wheels moveable on their 
+ Ares. 

XV. A ſimple Pulley, if its Axis is fixed, 
is of no other Uſe, than to alter the Direc: 
tion of the Power; for the Power and 
Weight will both more through an equal 


by den thus. Let AB (Fig. 29.) be the Diame- 
ter of the Wheel, DE that of the Axis, the Weight, and 
5 the Power; when the Wheel begins to move, the . Point 

and D will deſcribe fimilar Arches about the Center C, in 
the fame Manner the Point 4 and Bin the' Lever ' were/fliewn 
to do about the fixed Point F (Fig. 28.) that is, the Point 
will move as many Times faſter than D, as CB is longer than 
CD or AB than DF, the Motion therefore of P (. 7.) will 
be equal to that of #. From whence the Propoſition is clear. 


Space 
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Space in the ſame Time. But in a Pulley 
not fixed, as in Fig. 30. where the Rope 
runs under it, or in a Combination of Pullies 
as in Fig. 31. the Mquilibrium will be, when 
the Power is to the Weight, as one to the 
Number of Ropes, that paſs between the up- 
per and lower Pullies. 
Fox, ſuppoſe one End of the Rope fixed 
in B Fig 30.) and the other ſupported by the 
Power P, it is evident, that in order to raiſe 
the Weight W one Foot, the Power muſt riſe 
two, for both Ropes, v4, BC and CP, will 
be ſhortened a Foot a- piece, when the Space 
run over by the Power will be double to that 
of the Weight; if therefore the Power is to 
the Weight as one to two, their Moments will 
be equal : for the ſame Reaſon, if there be four 
Ropes paſſing from the upper to the lower 
Pullies as in Vg. 31. the Velocity of the Power 
will be quadruple to that of the Weight, or as 
four to one, Sc. In all Caſes therefore when 
the Power is to the Weight, as one to the 
Number of Ropes paſſing ſrom the upper to 
the lower Pullies (J. 7.) there will be an .- 
uilibrium. | deli HI 
XVI. Ir the Pullies be diſpoſed as in Figure 
the 32d, each having its own particular Rope, 
the Action of the Power will be very much 
increaſed ; for here every Pulley doubles it, 
 wherefore the Power is four Times greater 


with two Pullies, eight Times with three, 
| 1 ſixteen 


- 
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fixteen Times with four, Sc. For, it is eyi- | 


dent from the Conſideration of the Figure, the 


firſt will move half as faſt as the Power, | 


the ſecond: half as faſt as that, and ſo on 


wherefore (9. 7.) the Power is doubled by | 


each Pulley. 


THE Ui of the Pulley is 1 5 the fame | 
with that of the Wheel and Axis, but it is | 


more portable, and eaſier to be fixed * 


A Sckk w. 
XVII Ix this Machine the quilibrium 


will be, when the Power is to the Weight, 


as the 'Diftance between any two contiguous 
Threads or Spirals in the Screw, to the Way 
deſcribed by the Power in one whole Revolu- 
tion. It is manifeſt from the Form of the 
Machine (Tig. 33.) that in one Revolution of 
the Screw, the be Weg ht will be moved through 
a Space equal to the Diſtance of two conti- 
guous 'Threads, and that the Power will run 
through a Space equal to the Compals it takes 
in one Revolution, therefore (9. 7.) if the 
Weight is to the Power in that Proportion, 
_ will be an Æquilibrium. 

Tuis Machine is of great Force, and very 
_ uſeful in retaining Bodies in a compreſſed 
State, becauſe it will not run back, as the 
three foregoing will, when the Power is re- 
moved. This ariſes from the great Friction 


of 
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of thoſe Parts in the Screw, which during its 
Motion ſlide upon thoſe that are at Reft. 


e V. The Were. 

XVIII. Tris Inſtrument is formed by two 
equal ReQangles, joined at their lower Baſes, 
and ſeparated at their upper ones, by a third; 
which is called the Back of the Wedge; the 
other two, its Sides. 

XIX. In the foregoing Mechanical Powers 
we have all along conſidered the Weight, as 
moved in the fame Direction with that, in 
which it is ated upon by the Machine, as is 
commonly the Cafe ; but in this, the Weight 
is generally applied in ſuch a Manner, as to be 
made to move in a Direction different from 
that, in which it is protruded by the Wedge; 
hence it is, that Mathematicians haye wide- 
ly differed in their Determination of the 

ower of this Machine, ſome confidering the 
Weight as moved by it in one Direction, and 
ſome in another. Nay, there are ſome, even 
among the late Writers, that have been led 
into manifeſt Errors by it. We will there- 
fore lay down the ſeveral Proportions, they 
haye given us, for the determining the Power 
of this, Machine, and examine them one by 
one. 1. It is demonftrated by ſome, that the 
Power will be equivalent to the Reſiſtance of 
the Weight, when it bears ſuch Proportion 
to it, as the Breadth - the Back of the HOW 
fil 2 oes 
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does to the Sum of its Sides; or, Which is 
the ſame Thing, as half that Breadth to one of 
its Sides. 2. Others make it ſomewhat larger, 
and demonſtrate, that it ought to be, as half 
the Breadth of the Back to the perpendicular 
Height of the Wedge. 3. Some are of Opi- 
nion, that there will not be an Æquilibrium 
in this Machine, unleſs the Power is to the 
Weight, as the whole Breadth of the Back to 


the perpendicular Height; vis. WAIIIsS, 


KrII, Sc. 4. GRAVESANDE in his Elements 
(L. I. Chap. 13.) gives us the ſame Proporti- 
on with the laſt; and in his Scholium de ligus fin- 
dendo, tells us, that when the Parts of the Wood 
are {eparated no farther than the Wedge is dri- 
ven in, the Equilibrium will be, when the 
Power is to the Reſiſtance, as half the Breadth 
of the Back of the Wedge to one of its Sides. 
THose, who lay down the firſt Proportion 
for determining the Power of this Machine, 
ſuppoſe the Parts, which are ſeparated from 
each other thereby, to recede from their firſt 
Situation in Directions perpendicular to the 
Sides of the Wedge. Thus let ACB (Fig. 34.) 
repreſent a Wedge; P, P, two Bodies to be 
feparated by it, the one to be moved towards 
I, the other towards F, in the Directions CT, 
and CF perpendicular to AC and CB; then 


tis evident, that when the Wedge is driven 


in to the Situation MNO, the two Bodies 
will be moyed to Q and Q that is, N 
>". 
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have paſſed through the Space CK, the other 


through CL, but theſe Spaces being equal, 


their Velocities are the ſame as if they had 
both paſſed over one of them, v. g. CL, or 
which is equal to it DG (drawn perpendicu- 
lar to CB); therefore the Power, which we 
ſuppoſe applied at D, moves through DC, while 
the Obſtacle moves through DG, conſequent- 
ly (J. 7.) when the Power is to the Weight 
as DG to DC, that is, as DB to CB“, or 
half the Back of the Wedge to one of its 
Sides, they will be in AZquilibrio. This Pro- 
48 therefore, when the Parts of the 

eight are ſuppoſed to be moved by the 
Wedge in the Directions CI and CF, is 
true. | 

2. Tag ſecond Proportion is alſo true, ſup- 
poſing the Bodies P, P, to recede from each 
other in the Directions CN and CM, parallel to 
AB the Back of the Wedge; for, when the 
Wedge is driven in between them, to the Si- 
tuation MNO, the Bodies will have moved 


through a Space as CN, or which is equal 


to it DB, half the Back of the Wedge, and 
the Power through a Space equal to its Height 
as before; conſequently (J. 7.) in this Caſe, 
the Aquilibrium will be, when the Power is 


* For (8 Elem. 6.) the Triangles DCG and DC are ſimilar, 
and conſequently DG: DC:: DB: CB. 2 


to 
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to the Weight, as half the Back of the Wedge 
to its Height®. | 

3. Tyoss, who imagine there will not be 
an Zquilibrium, unleſs the Power be to the 


The ſame may be otherwiſe demonſtrated from Section 14: 
Chapter g. thus. Let there be a Body as L (Fig. 35.) drawn 
againſt the Wedge AFC by the Weight W, in the Direction LF, 
parallel to the Back of the Wedge AB; but preyented from 
fliding down towards C, by a Plane (whoſe upper Surface we 
may ſuppoſe repreſented by EF) lying under it. I fay, the 
Power will be to the Weight, when they are in Æquilibrio, as 
DA to DC. | 

Dem. The Body L is here acted upon in three Directions, 
wit, by the Force of the Weight in the Direction LF, b 
the two Planes CA and EF, in the Directions LG and LF, 
perpendicular to their Surfaces ; let GE be drawn parallel to 
LI, then will the Triangle LGE have all its Sides reſpec- 
tively parallel to thoſe Directions; conſequently (Chap. g. 5 14) 
| _ if we ſuppoſe LE to expreſs the Force of the Weight, GE will 
1 expreſs that of the ſuppoſed Plane, or which is the equal to it, 
| becauſe they act in contrary Directions to that of the Power: Bur 
GE is to EL, as DA to DC (for the Triangles EGL and DAC 
| are ſimilar, the Sides of one being ex Confiru?. reſpectiveſy 
q r re to thoſe in the other; v. g. LG to CA, EL to 

DC, and GE to DA); conſequently the Power is to the 
Weight, when they balance each other, as half the Breadth 
of the Back of the Wedge to its Height, Q. E. P). 

Corel. Suppoſe the Body E had been drawn againſt the 
Wedge in the Direction GL perpendicular to its Surface, and 
were to be moved by it in the contrary Direction towards 
G. as in the firſt Caſe; then if GL: expreſſes the Force with 
which it is drawn tewards the Wedge, GE will be that] with 
which it reſiſts the Power ; but GE is to GL as DA to AC, 
the "Triangles EG L and DAC being ſimilar; conſequently in 
this Caſe, the Power will be to the Weight, as half the Breadth 
of the. Back of the Wedge to one of its Sides 3 as Was before 


demonſtrated. 
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Weight, as the whole Breadth of the Back 
of the Wedge to its Height, ſuppoſe, as in 
the laſt Caſe, that the Bodies to be ſeparated 
recede from each other in Directions parallel 
to the Back of the Wedge; and endeayour 
to ſupport their Opinion by the following Ar- 
gument : vir. that, when the Wedge is driven 
in to the Situation MNO (Fig. 34.) as before, 
each Part of the Weight having moved through 
a Space equal to half the Back of the Wedge, 
the Whole Weight has therefore moved through 
twice ſo much, or a Space equal to the whole 
Back: as much as to lay, the Whole has mo- 
ved farther than its Parts; which is abſurd. 
4. Tis is GRAVESANDE's Miſtake in his 
Elements, the ſame he has al ſo made in his Scho- 
lium de liguo findendo, and thereby determined 
the Power in both Places to be twice as big, 
as it ought to be. If he had proceeded in the 
following Manner, his Argument would have 
been eaſier, as well as the Concluſion juſter. 
| Suppoſe the Wedge ABC driven into the 
Wood QLQ (as repreſented Fig. 36.) which 
is ſplit no farther than the Point of the 
Wedge (or however no farther than is juſt 
ſufficient to give it Room to move) which 
Caſe GRAVESANDE ſuppoies in his Scholium, 
1 ſay, that in this Situation of the Wedge, 
the Power is to the Weight, as one fourth 
Part of the Back of the Wedge to one of its 
Sides. For it is evident, that when the upper 


* 
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Ends of the Wood, which preſs againſt the 
Wedge in the Points G, H, are put into Mo- 
tion by the Wedge, they will move in the 
Directions HT and GF, perpendicular to the 
Sides of the Wedge, bechaſst they turn as it were 


upon a Joint at L, which we always ſuppoſe 


contiguous to C: again, ſince only the upper 
Ends of the Wood are put into Motion, and 
not the lower ones, which remain at L; 'tis evi- 
dent, that the Motion of each Piece (ſappoſing 
their Thickneſs the ſame from End to End, and 
their Subſtance uniform) will be but half, 
what it would have been had the lower ones 
moved with the ſame Degree of Velocity. Now, 
were alb the Parts of the Wood to have the 
fame Degree of Velocity with the upper ones, 
the Power would be to the Weight, as in the 
firſt Cafe, vi g. as DB to BC (Tig. 34.); there- 
fore in this Caſe, it is as half DB to BC, or 
asone fourth Part of the Back of the Wedge to 
one of its Sides. Which was to be proved. 
XX. Tur Form of the Inclined Plane being 
no other than that of half a Wedge, as is ma- 
nifeſt from the Repreſentation of it (Fg. 37.) 
it follows that what has been demonſtrated 
of the one, may be applied to the other, and 
the Properties of both will be found the ſame. 
For Inſtance, if the Weight W is to be raiſed 
up the Plane CB, by the Power P, in a Di- 

rection parallel to the Plane, inſtead of that, 
we may ſuppoſe the Weight prevented from 
'F running 
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running off the Plane by the String WH, and 
the inclined Plane driven under it like a Wedge 
in the Direction DC: then will the Weight 
riſe towards G in a Direction perpendicular 
to CB, for we muſt always ſuppol- the String 
WB parallel to the Plane (as it would have 
heen, if the Weight had been drawn up by 
it;) then will the Action of the Plane upon 
the Weight be ſimilar to that of the Wedge 
in the firſt Caſe and conſequently the Power 
will bear ſuch Proportion to the Weight, as 
DB to BC; that is, as the Height of the Plane 
to its Length. Again, ſuppoſe the Weight 
was to have been drawn up the Plane by a 
String in the Direction WF parallel to CD 
the Baſe of the inclined Plane; then if the 
Plane be driven under the Weight as before, 
it muſt riſe in a Direction perpendicular to 
CD, that is, parallel to DB: then the Cafe will 
be analagous to the ſecond of the Wedge; 
conſequently, the Power will be to the Re- 
ſiſtance of the Weight, when there is an A- 
quilibrium, in the Proportion of DB to DC, 
as there demonſtrated. 

XXI Tus are the Powers or Machines, 
which, under different Forms, conſtitute all 
other how complicated ſoever; and as the 
Equilibrium, in any one of theſe is, when the 
Power and Weight are inverſely as their Ve- 
locities; ſo in a Machine however compound- 


ed, the Power and the Weight will exactly 
ths . - balance 
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balance each other, when they are in this 
Proportion; for by g. 7. their Moments will 
then be equal, and the Machine, if at reſt, 
will continue in that State; and, if put into 
Motion by an external Force will gradually 
loſe it, when that Force ceaſes to act; on ac- 
count of the unavoidable Friction of the Ma- 
chine, and the Reſiſtance of the Air, which 
it muſt neceſſarily mect with, unleſs its Mos 
tion could be performed in a perfe&t Vacuum. 
From hence we ſee the Impoſſibility of con- 
triving an Engine, whoſe Motion ſhould be 
perpetual, that is, ſuch as does not owe its 
Continuance to the Application of ſome ex- 
ternal Force ; a Problem that has given Birth 
to an almoſt infinite Number of Schemes and 
Contrivances. For unleſs ſome Method could 
be found out of gaining a Force, by the art- 
ful Diſpoſition and Combination of the Me- 
chanical Powers, equivalent to that which is 
continually deſtroyed by Friction, and the Re- 
ſiſtance of the Air, the Motion, which was at 
firſt given to the Machine, muſt at length be 


neceſſarily loſt. But we ſee, that thoſe In- 
ſtruments are only different Means, whereby 


one Body communicates its Motion to another, 
and not deſigned to produce a Force which 
had no Exiſtence before. Tis for want of a 
due Conſideration of this, that ſo many Me- 
chanical Deſigns have proved abortive, fo many 
Engines unequal to the Performance for which 

£207, they 
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they were deſigned, and ſo many Impoſſibi- 
lities attempted. 
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_ «Tx it were poſſible, ſays Bp. WILEIs, 


to contrive ſuch an Invention, whereby 


any conceivable Weight may be moved by 


any conceivable Power, both with equal 
Velocity (as it 1s in thoſe Things which are 
immediately ſtirred by the Hand, without 
the Help of any other Inſtrument) the 
Works of Nature would be then too much 
ſubjected to the Power of Art; and Men 
might be thereby encouraged (with the 
Builders of Z7abel, or the Rebel Giants) to 
ſuch bold Deſigns, as would not become 
a created Being, And therefore the Wiſdom 
of Providence has 1o confined theſe Human 
Arts, that what an Invention hath, in the 
Strength of its Motion, is abated in the S/ow- 
neſs of it; and what it has, in the extraordi- 
nary L2uickneſs of its Motion, muſt be al- 
lowed for in the great Strength requiſite in 


the Power which is to move it *. 


* IV ilkins's Mathem. Magick. p. 104. 
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Of the Vibration of a Pendulum in a 
Cycloid. 


PrxorosSITION I. 


F a Pendulum be made to vibrate in a 
Cycloid, all its Vibrations however une- 
qual, will be z2ſocronous ; that is, they will be 
performed in equal Times (a), 


(a ) In order to demonſtrate this Propoſition, it will be pro- 
per to lay down the following Lemma's. | 
LEMMA I. 

If a Body deſcends from A along the Line AX, (Appendix 
Plate, Fig. 1.) by virtue of a Force which decreaſes in Proportion 
as the Diſtance of the Body from X, decreaſes ; that is, if when 
the Body comes to M, N, O, Cc. the Action of that Force 
upon the Body, be as the Diſtances XM, XN, XO, Cc. reſ- 
pectively: And if the laſt acquired Velocity of the Body ; that 
is, its Velocity when i tcomes to X, be expreſſed, or ſet off, by 
the Perpendicular XB equal in Length to the Line AX, and its 
Velocities at M, N, O, Cc. be ſet off there by the Lines MD, 
NP, OQ, Cc. in Length proportionable to each other and to 
the Line XB, as the Velocities of the falling Body at M, N, O, 
Sc. are to each other and to its laſt Velocity at X: And if 
through the Extremities -of theſe Lines, the Curve ADB be 
drawn ; I ſay, that Curve will be a Portion of a Circle: And 
the Time in which the Bedy will deſcend through the whole 
Space or Line AX [or any Part of it, as MO] will be ſuch Time, 
as would be requiſite for it to deſcribe the whole Arch AB [or 

| A 


ay 


By the Figure 
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any Part as DQ, correſponding to MO] in, with i aui. 
— Velocity . 5 nen 


Demonſiration of the Lemma. Parallel and contiguous to the 
Line MD, draw NP, in which Caſe the Line MN, becomes a 
Point, and the Arch DP a Tangent to the Curve: Produce PD 
till 1t meets XA produced, in T'; draw the Line XD; and let 
fall the Perpendicular DL, Then the Lines DL and TM being 
parallel, the Angles PDL and DTM are equal, as being alter- 
nate (by 27 Elem. 1.); and the Angles at L and M, as being 
right ones; the "Triangles therefore PDL and DTM are ſimilar, 
which for the Sake of referring to it afterwards, let us make the 
firſt Step of the following Proceſs ky The Triangles PDL and 


| DTM are ſimilar 
From the firſt Step we have this 
Proportion (5 Elem. 6.) 2 PL: LD; : DM: MT. 
LD = MN | 


GI 


But MD being the Velocity when 
the deſcending Body comes to 
M, the Point MN is deſcribed 
with that Velocity ; for there 
is no Acceleration during the 
Paſſage of a Body over a Point; 
conſequently MN 1s proportion- . 
able to MD : that is, MN is as MD, 

Comparing the ſecond, third and | | 
fourth Steps | 5{PL: MD: : DM: MT 

But MD and NP being the Velo- 
cities of the deſcending Body at 
M and N, LP the Difference of 
thoſe Lines, expreſſing the In- 
creaſe of Velocity in the Body, 
will be proportionable to the 
moving Force at the Point MN; 
that is, by the Suppoſition, to 
the Diſtance XM; therefore | 6] PL is as XM | 

Comparing the fifth and ſixth XM: MD: : DM: MT 

Conſequently (5. Elem. 6.) 8 The Triangles XMD and 

DMT are ſimilar. 


And therefore, ſince their Angles at M are right ones, the 
Triangle TDX is (by the Converſe of Prop. 8. Elem. 6.) right 
angled at D. Conſequently fince the ſame is true of any other 
Point of the Curve, as well as D, the Arch ADB is a Portion 
of a Circle (16 Elem, 3.). Which is the firſt Part. 


Secondly, 
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Secondly, comparing the firſt and 
eighthSteps, the Triangles PDL 
and XMD are fimilar ; therefore 9] LD: DM:: DP: DX 

ADB being a Portion of a Circle, 


as already proved = to DX XB 
Comparing the zd, gth and 1oth 
Steps 11MN:DM:: DP: XB. 


Since then the Point MN bears the ſame Proportion to MD, 
or the Velocity it is deſcribed with by the falling Body, that 
the Point DP does to the laſt acquired Velocity XB, it follows 
that the former, MN, is deſcribed in the ſame Time with the 
Velocity the Body has when there, that the latter, DP, might 
be with the laſt acquired Velocity XB. And fince the ſame is 
true of every other Part of the Arch ADB, it is obvious that 
the Time in which the Body will deſcend through any other 
Part of the Space AX, [or the whole of it,] will be ſuch as 
would be required for it to deſcribe any correſponding Part of 
the Arch ADB, for the whole of it, ] with the laſt acquired 
Velocity XB. Which was the other Part. 


Coroll. Hence it follows, that if a Body deſcends alon the 


Line AX, by Virtue of Forces acting upon it at A, M, N, O, 
c. proportionably to the Length of the Lines XA, XM, XN, 
XO, Oc. and if on X as a Center, and with the Radius XA a 
Portion of a Circle, as ADB, be deſcribed; and if the Radius 
or whole Sine XB, be put to repreſent the Velocity of the Body 
when it comes to X, the other Sines MD, NP, OQ, Cc. will 
repreſent the reſpective Velocities of the Body at the ſeveral 


Points M, N, O, Sc. And converſely, if one of the Sines, 


as MD, be put to expreſs its Velocity at M, the other Sines 
NP, OQ, and the Radius or whole Sine XB, will expreſs the 
Velocity of the Body at thoſe other Points-N, O and X. 


LEMMA II. 


If a Body moves along the Line AX, (Fig. 2.) and be urged 
all the Way by Forces proportionable to its Diſtance from the 
Point X; whatever Point of that Line it ſets out from, it will 
come to the Point X in the ſame Time. Which Time will bear 
ſuch Proportion to the Time it would move over the whole Line 
AX in, with the Velocity it ſhall acquire by falling through the 


whole Line AX, as the Semicircumference of a Circle does to its 


Diameter. | 
A 2 Dem. 
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Dem. Let two Bodies A and P ſet out from the Points A and P 
at the ſame Time; and let them be urged by Forces proportion- 
able to their Diſtances from the Point X: I fay, thoſe Bodies 
will come to X at the ſame Inſtance of Time; that is, they will 
overtake one another at that Point. On X as a Center, and 
with the Radius's XA and XP deſcribe the two Quadrants AB 
and PQ; and draw the Line SX, and the Sines RS and MN; 
and let the whole Sine or Radius XB expreſs the Velocity the 
Body A will acquire by falling to X: Then by Corollary of 
Lemma 1. will the Sine RS, if taken as near as poſſible to A, 
expreſs the firſt Velocity of the Body A. But the Force, which 
urges the Body A is ſuppoſed to be to that which urges the Body 
P, as XA to XP (or becauſe the Archs AS and PN are ſimilar) 
as RS to MN: As therefore RS expreſſes the firſt Velocity of A, 
MN will expreſs the firſt Velocity of the other Body P: And 
therefore by the ſame Corollary, its Velocity when it comes to X, 
will be expreſſible by X. Farther, the Time the Body A falls 
to X in, is by Lemma 1. equal to the Time the Arch AB would 
be deſcribed in with the Velocity XB; and the Time the other 
Body falls from P to X in, is equal to the Time the Arch 


would be deſcribed in, with the Velocity XQ. But a Body will 


be as long in moving over the Arch PQ with the Velocity *r 
as over the Arch AB with the Velocity XB, the Lines XQ an 
XB having the ſame Proportion to each other, that the Archs 
have. Therefore the Time the Body A falls to X in, is equal 
to the Time the other Body P would fall to that Place in. 
Which was the firſt Part. 
Again by Lemma 1. | 1] The Time a Body would fall from 
A to X in, is equal to the Time 
| |} it would move over the Arch AB 
in, with its laſt acquired Velo- 
City at X. | 
The Time a Body would move 
over the Arch AB in with the 
| laſt acquired Velocity at X, is 
to the Time it would move over 
| AX in with the ſame Velocity, 
Comparing the firſt and] | as AB is to AX. 
ſecond 


Axiom, or ſelf evident 
Propoſition 


to 


on) 


{ A to X in, is to the Time it 
would move over AX in with 
the laſt acquired Velocity, as 
| þ ABis to AX. 


Axiom 


The Time a Body would fall from 
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Axiom 4] AB is to AX as twice AB is to 
twice AX. 
By the Figure 5| Twice AB is to twice AX as the 
| Semicircumference of a Circle is 
Comparing the 2d, 4th to its Diameter. ; 
and fifth Steps. 6] The Time a Body would fall from 


A to & in, is to the Time it 
would move over AX in with 
its laſt acquired Velocity, as the 
| Semicircumference of a Circle 
| is to its Diameter. Which was 
| | the ſecond Part. 


LEMM A III. 


If from the lowermoſt Point of a Circle, as X (Fig. 3.) be 
drawn the Chords XQ and XO, the Power of Gravity whereby 
it ſhall cauſe a Body to deſcend along the former, will be to the 
Power whereby it ſhall cauſe it to deſcend along the latter, as 
the Length of the former is to the Length of — 

Dem. Draw the Diameter XD, the Perpendiculars QR and 
OS; and join the Points QD and OD. Then (by 31 Elem. 3.) 
the Triangle XQD is right-angled at Q; and therefore (by 8. 
Elem. 6.) | 1] XR: X: XQ XD. 

And for like Reaſons 2]XS:XO0::XO: XD 
But by Part I, Chap 6. 2.| 3] The Effect or Power of Gravity 
upon a Body deſcending alo 
the Chord Q, is to that which 
it exerts upon another falling 
freely; that is, to its whole Pow- 
er, as XR to XQ. 
And alſo © 4| The Power of Gravity upon a Bo- 
dy deſcending along the Chord 
OX, is to its whole Power, as 
| Ns to XO. 
The Power of Gravity upon a Bo- 
| dy defeending along the Chord 
| X is to its whole Power, as 
| | XQto wg | paige 
Comparing the ad and 4th | 6] The Power ravity upon a 
N N dy deſcending tle the Chord 
\ OX is to its whole Power, as 
{ } XOtoXD. 


Wn 


Comparing the iſt and 3d 


Comparing 


— .— — — — — 
— —— — — — — ee a ty 


6 APPENDI1 x. to Part I. 


dy deſcending along the Chord 
X., is to the Power of Gravi- 
ty upon a Body defcending along 
the Chord OX, as X to XO. 
X; 4 Q. E. D. 


The Deſcription of a Cycloid, with the Definitions relating 
thereto. If a Circle as FCH (Fig. 4.) be rolled along the Line 
AB, till it has turned once round ; the Point C in its Circumfe- 
rence, which at firſt touched the Line at A, will deſcribe the 
Curve Line ACXB, which Curve is called a Cycloid. The right 
Line AB is its Baſe: The middle Point X is its Vertex: And a 
Perpendicular, as XD, let fall from thence to the Baſe, is its 
Axis: And the Circle FCH, or any other as XGD, equal there- 
to, is called the Generating Circle. | a | 


L EM MA IV. 


If on XD, the Axis of the Cycloid, as a Diameter, the ge- 
nerating Circle XGD be deſcribed; and if from a Point in the 
Cycloid, as C, the Line CIK be drawn Parallel to the Baſe, 
the Portion of it CG, will be equal to the Arch GX. 

Dem. Draw the Diameter HF, then the Circles FCH and 
DGX being equal I =o —_— 


9 the 5th. and | 
Sth Steps 7| The Power of Gravity upon a Bo- 


l — * * 


Adding GI to each of them 2 KI = CG 
By the Figure 3 KI DF 
Comparing the two laſt 40 = DF 
By the Deſcription of the Cycloid | 5] The Arch CF = AF 
By the Figure 6| The Arch CF = DG 
Comparing the 5th and 6th 7] AF = DG 
By the Deſcription of the Cycloid || 8] AFD — DGX 
Comparing the 7th and 8th with | f 
the Figure 'gf FD = GX 
Comparing the 4th and the gth Ito} CG = GX. Q. E. D. 
LEMMA V. 
1 The fame Things being ſuppoſed as in the foregoing Lemma, 
> a Tangent to the Cycloid at the Point C, is parallel to GX a 


Chord of the Circle DGX. 

Dem. It appears from the Deſcription of the Cycloid, that 
fince the Angle FCH is a right one, (as it is by 31 Elem. 3.) 
the Chord CH is a Tangent- to the Curve at the Point C, 15 — 


6 
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CH is parallel to GX ; a Tangent therefore at the Point C, is 
parallel to GX, the Chord of the Circle DGX. Q. E. D. 


LEMM A VI. 


Things remaining as before, if from a Point of the Cycloid, 
as L, the Line LMK be drawn parallel to the Baſe AB, the 
Arch XL of the Cycloid, will be double of XM the Chord of 
the Circle correſponding thereto. | 

Dem. Draw the Line SQ parallel! and contiguous to LK, croſ- 
ſing the Circlein R, and the Chord XM produced, in P, then 
will LS, MR and MP become Points, the firſt having the Pro- 
perty of a Tangent to the Cycloid at LS, the ſecond that of a 

angent to the Circle at MR, and the third, the Properties of a 
Production of the Chord XM. Join the Points X and R, and 
on MP let fall the Perpendicular RO: Produce alſo the Point 
RM, till it meets XN, a Tangent to the Circle at X. Then 
will the Lines XN and QS, being each perpendicular to the Dia- 
meter DX, be parallel ; and the Triangles MNX and MPR will 
be ſimilar ; as having their Angles at M vertical, and at P and 
X alternate. But the Tangents NX and NM are equal (by 36. 
Elem. 3.) the correſponding Lines therefore PR and RM in the 
other Triangle, are ſo too: This laſt Triangle is therefore an 
Iſoſceles one; and therefore RO being perpendicular to its Baſe 
MP, MP is equal to twice MO. The Tangent LS 1s parallel 
to MP, (as being by Lemma 5. parallel to MX) and therefore 
equal to it, the Lines LK and SQ being parallel: It is therefore 
equal alſo to twice MO. But LS is the Difference between the 
cycloidal Archs XL and XS; and MO is the Difference between 
the Chords XM and XR, for ſince XO and XR are cloſe toge- 
ther, RO which is perpendicular to one of them, may be con- 
ſidered as perpendicular to both: The Difference therefore between 
any two Archs of the Cycloid is twice that which is between 
two correſponding Chords of the Circle ; and conſequently any 
Arch, as XL, 1s double of the correſponding Chord XM. 
Q. E. D. 

Coroll. Since when the Arch XL becomes XB, the correſ- 

nding Chord XM becomes XD the Diameter of the Circle 
Dix its obvious, that the Semicycloid BX, or AX, is equal 
to twice DX the Diameter of the generating Circle DMX. 


L EMMA VII. 


If a Body deſcends in a Cycloid, the Force of Gravity (ſo far | 
as it acts upon it in cauſing it to deſcend along the Cycloid) = | 


\ 
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PRO POSITION II. 


The Time in which a Pendulum vibrating 
in a Cycloid, performs a Vibration, 1s to the 


be proportionable to the Diſtance of the Body from the loweſt 
Point of the Cycloid. 

Dem. Let the Cycloid be AXB (Fig 5.) whoſe Baſe is AB, 
and its Axis DX, on which laſt as a Diameter, deſcribe the ge- 
nerating Circle DQX : Draw the Chords OX and QX ; through 
the Points O and Q, and parallel to the Axis AB, draw the 
Lines LS and MR ; draw alſo the Tangents LV and MY. Then 
becauſe by Lemma'5. the Tangent LV is parallel to OX, and 
the Tangent MY parallel to QX, its obvious that Gravity exerts 
the ſame Power or Force upon a Body deſcending in the Cycloid 
at L (becauſe it then deſcends in the Tangent LV) as it would 
do __ the ſame Body deſcending along the Chord OX : And 
for the like Reaſon, it exerts the ſame Force upon it when it 
comes to M, that it would do if it were deſcending along Q: 
But (by Lemma 3.) the Power or Force of Gravity upon Bodies 
deſcending along the Chords OX and QX, are as the Lengths of 
thoſe Chords; that is, by Lemma 6. (halves being proportion- 
able to their wholes) as the Length of the Cycloidal Archs LX 
and MX. The Force therefore of Gravity upon a Body deſ- 
cending in the Cycloid at the Point L [or any other] is to its 
Force upon the ſame when at M [or any other Point] as the Space 
or Diſtance it has to move over in the former Caſe, before it gets 
to the loweſt Point X, to that it has to run over in the latter, 
before it arrives at the ſame Point. Q. E. D. 


Demonſtration of the Propoſition in the Text to which this 
Note refers. 


By Lemma 7. The Force of Gravity ſo far as it cauſes a Body 
to deſcend in a Cycloid is proportionable to the Diſtance of that 
Body from the loweſt Point; imagine then that Body to be a 
Pendulum vibrating in the Cycloid, then whatever Point it ſets 
out from, it will by Lemma 2. come to the loweſt Point in the 
ſame Time: And conſequently fince the like is true as to its aſ- 
cending from that Point, all its Vibfations be _ large or 
ſmall, will be perform'd in the ſame Time. Q. E. D. 


Time 


7 oY 


or 
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Time in which a Body would fall freely thro” 

half the Length of the Pendulum, as the Cir- 
cumference of a Circle is to its Diameter (6). 

| PROB. 


(4) To demonſtrate this, the following Lemma's will be of 


Uſe. 10 a 

| LEMMA VIIE 
If in a right-angled Triangle, as BFG (Fig. 6.) the Perpen- 
dicular FI be let fall from the right Angle to the Hypothenuſe 
BG, the Line BI multiplied by BG will be equal to BF. 

Dem. By 8. Elem. 3. the Triangle BFI and BFG are ſimilar, 
conſequently BI is to BF, as BF is to BG, and therefore BI x 
BG = BFI. Q. E. D. f 

by L E M M A IX. | | 

If a Body deſcends along a curve Line, as AX (Fig. 7.) it 
will acquire the ſame Velocity that another, or the ſame Body, 
would 55 by falling from an equal perpendicular Height in the 

11 8 


Lin | 5 

Dem Parallel to the horizontal Line AD, draw the Lines BM 
and FN contiguous to each other; in conſequence of which, 
the Lines MN and BG are capable of being a as Points; 
and therefore the Velocity the deſcending Bodies pals over them 


with, as uniform; and the curve Line BG, as a ſtraight Line 


mY 


alſo, and as a Tangent to the Curve AX at the Point BG. 
Things being thus, let it be ſuppoſed that the Bodies begin their 
Fall at B and M, or, which comes to the ſame Thing, that they 
have equal Velocities at thoſe Points: Then the Velocities of 
the Bodies being uniform and equal to eath other, (for there is 
no Acceleration in a Point) the Lines BG and MN may repre- 
ſent the Relation the Times they are paſſed over in bear to each 
other. Parallel to DX draw BF, and let the equal Lines BF 
and MN repreſent the Force of Gravity acting perpendicularly 
at thoſe Points; and let the Force BF be reſolved into two others, 
viz. BI and IF, the one parallel, the other perpendicular to the 
Curve of the Body at B: It is only the former of theſe, wiz. 
BI, that accelerates the Body along the Curve BG ; the other, 
viz. IF, neither accelerates it nor retards it, but is wholly ſpent 
in preſſing the Body cloſe to the Surface BG, if it be a Surface; 
or in ſtretching the a Sl AT A the Body in the Courſe 
ABX, if it be a String. Now the Velotity a Body acquires by 
moving over any Space, is Fey to the Force that acts 


upon 


to AvyryrreNnDix to Part I. 

upon it, multiplied by the Time that Force acts. Since then 
BI repreſents the Force in one Caſe, aad MN the Time in the 
other, it follows that the Velocity generated in one Caſe, is. as 
BI X BG ; and in the other, as X MN ; or fince BF and 
MN are equal, as the Quantities BI x BG and BF X BF, (or 


BFA) which Quantities” by Lemma 8, are equal to each other. 
The Velocity therefore the one Body acquires by deſcending alon 

BG, is equal to that which the other acquires by falling . 
MN: But the Lines BM and GN being parallel, it is obvious 


there is the ſame Number of BG's in the Curve AX, as of MN's 


in the perpendicular DX; the Velocity therefore which a Body 


would acquire by falling through one, is equal to that which it 


would acquire in falling through the other. Q. E. D. 
Demonſtration of the Propoſition. Let AX B (Fig. 5.) be the 


Cycloid the Pendulum vibrates in. Then by Lemma 2. com- 


pared with Lemma 7, we have 


from A to X in, is to the Time 
it would move over the ſame Space 
in with its laſt acquired Velocity, 
as the Semicircumference of a Cir- 
By the Corol. of Lem- cle is to its Diameter. 
ma 6. 2] AX is equal to twice DX. 
By Lemma g. 3] The Velocity a Body acquires by fal- 
| ling from A to X, is equal to the 
Velocity it would acquire by fal- 
From the three laſt ling from D to X. 
compared 4 The Time a Body would deſcend 
| from A to X in, is to the Time it 
would move over twice DX in, 
with the Velocity acquired by a 
Fall from D to X, as the Semi- 
circumference of a Circle is to its 
By Part I, Chap. 5. Diameter. 
$ 7. 5 The Time a Body would move over 
| | twice DX in, with the Velocit 
acquired by falling from D to X, 
is equal to the Time it would fall 
Comparing the 4th and] | from D to X in. | 
5th | 1 6] The Time a Body would deſcend 
ftom A to X in, is to the Time it 
would fall from D to X in, as the 


| to its Diameter. 


From 


| 1] The Time a Body would deſcend 


| Semicircumference of a Circle is 
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PROBLEM. 
To make a Pendulum vibrate in a given 
tur Cycloid. 


Suolut. Let AX B (Fig. 5.) be the given Cy- 
cloid; its Baſe AB, its Axis DX, and its ge- 
nerating Circle DQX, as before: Produce XD 


to C, till DC be equal to DX: Through G 


draw the Line EF parallel to AB, and take 
CE and CF, each equal to AD or DB; and 
on the Line CE as a Baſe, and with the gene- 
rating Circle AGE equal to DQX, deſcribe the 
Semicycloid CTA, whoſe Vertex will there- 
fore touch the Baſe of the given Cycloid in A. 


Prom the Figure 7| The Time of Deſcent from A to X 
| is half a Vibration. 7. 


From the Solution of 
the following Pro- 
blem it will appear, 
b 


8 DX is half the Length of a Pendu- 
lum, which in vibrating ſhall de- 
ſcribe the Cycloid AX B. 
9 The Time of half a Vibration is to 
the Time in which a Body would 
I fall freely through half the Length 
| of the Pendulum, as the Semicir- 
; 1 -1 cumference of a Circle is to its 
Doubling the Antece- | | Diameter. 
dents of the laſt Step 10 The Time of an whole Vibration is 
to the Time in which a Body 
would fall freely through half the 
Length of the Pendulum, as the 


| 
Comparing the thres | 
laſt Steps 


| Circumference of a Circle is to its 
I Diameter. Q. E. D. 5 
B 2 And 


ArrENPDIxX to Part I. 
And on the Line CF alſo as a Baſe, deſcribe 


an equal Semicycloid CB. On the Point C, 
hang the Pendulum CTP equal in Length to 
the Line CX: And let the upper Part of the 


the 


1 of it, (as CT, in its preſent Situation in 
igure) as it vibrates this way and that, 


apply itſelf to the cycloidal Cheeks CA and CB: 
Then will the Ball of it P oſcillate in the gi- 


ven Cycloid AX B. Q. E. F. (c). 


CHAP. 


ec) Draw TG and PH, each parallel to the Baſe AB; and 


join the Points AG and DH. Then 


ma 6. 
By the Figure (DC being equal 
to DX) * 
Comparing the iſt and 2d Steps 
By Conſtruction 
Comparing the zd and 4th | 
From the 5th Step compared with 
the Figure 
(The String touching the Cycloid 
at T) by Lemma 5, 
By Conſtruction 
From the two laſt Steps compared, 
GATK 1s a Parallelogram, 
conſequently _ 
By Lemma 6. | 
Comparing the two laſt Steps 
Comparing the 6th and 11th 
From the 12th Step compared 
with the Figure 
Comparing the laſt Step with the 


Figure 


From the laſt compared with the | | 


Figure 


. 
= 


* Comparing the laſt with the Fi- 


Sure 


| 


16 


| 


by the Corollary of Lem- 


AC== 2 AE 
2 AE = CX 
AGES CX 

TPS CX 
AC == CTP. 


AT ==17 


GA is parallel to TK 
GT is parallel to AK 


GA=TK, and GT&AK 
GA == TA | 
ier TA 

TE == TP: 


TK = KP 
The parallel Lines GT 


and PH are equally diſ- 
tant from AD 


The Arch GA = the 
Arch DH 


The Chords GA and DH 
= parallel, and GE = 
X. 


From 
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CHAP. II, 


07 a Center of Oſcillation and Per- 


cuſſion. 


. H E Center of Oſcillation is that Point 


in a Pendulum, in which, if the Weight 
of the ſeveral Parts thereof were col- 
leQed, each Vibration would be performed in 


the ſame Time, gs when thoſe Weights are 
ſeparate. 


The Point or Center, of Sul (penſion i is the 


Point on which the Pendulum hangs. 


A a Rule for finding the Center of 
. Oſcillation. 


If ſeveral Bodies be fixed to an inflexible 
Rod ſuſpended upon a Point, and each Body 


From ep = and 16th Steps com- 844 
pared with the Figure 17 is parallel to 
And therefore (KD bring by Con- 
ſtruction parallel alſo to PH) 
KDHP is a Parallelogram, con- | 4 - 
ſequently 18 KD = PH f 
By Lemma 4. 19] GT = the Arch AG 
Comparing the gth. and 19th 20] AK = the Arch AG 
By the Deſcription of the Semi- 


cycloid CTA 21] AKD = AGE 
From the two laſt compared with 
the Figure 22] KD = GE 


Comparing the 18th and 22d [23] PH = GE 
Comparing the 16th and 23d 24 PH = HX. 

But by Lemma 4. if PH be equal to HX, P is a Point in the 
Cycloid AXB; the Ball of the Pendulum CTP therefore being 
at that Point, is in the _ — The Problem thereſore 
was rightly ſolved. Q. E. 
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be multiplied by the Square of its Diſtance 
from the Point of Suſpenſion, and then each 
Body be multiplied by its Diſtance from the 
ſame Point; and all the former Products when 
added together, be divided by all the latter 
Products added together, the Quotient which 


Hall ariſe from thence,. will be the Diſtance of 


the Center of Oſcillation of thoſe Bodics from 
the ſaid Point. 

Thus, if CF Fig. 8. be a Rod on which 
are fixed the Bodies A, B, D, Oc. at the ſe- 
veral Points A, B, D, ec. ind if the Body 


be multiplied 'by the Square of the Diſtance 


CA, and 'B be multiplied by, the Square of the 
Diſtance CB, and ſo on for the reft: And then 
if the Body A be multiplied by the Diſtance 
CA, and B be multiplied by the Diſtance CB, 
and fo on for the reſt; and if the Sum of the 
Products arifing, in the former Caſe, be divided 
by the Sum of thoſe which ariſe in the latter, 
the Quotient will give CQ, the Diftance of the 


Center of Oſcillation of the Bodies A, B, D, 


* from the Point C (a). | 


2 Dem. That the Proceſs may be leſs complicated, let us 
ſuppoſe but two Bodies, as A and F, fixed to the Rod CF; and 
jet AI and Fl. be the Archs which the Bodies A and F deſeribe 
when the Pendulum vibrates, and let the Pendulum be removed 
into the Situation CL. Contiguous to the Line CL draw CR; 
then may the Arehs IP and LR be conſidered as Tangents at 
the Points I and L, and thoſe Tangents as inclined Planes, down 
which che Bodies I and L. are to roll: Theſe Tangents being 
each perpendicular to CL, are equally inclined to the Horizon, 
the Bodies therefore will endeayour to roll down with equal Ve- 
locities 3 bat this they cannot do, becauſe being fixed to ru 1 

exible 
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flexible Rod, they will deſcribe the unequal Arch IP and LR in 
the fame Time. That is, the Body L will oblige the Body 1 
to deſcribe a leſs Arch than it otherwiſe would have done ; and 
the Body I will occaſion the Body L to deſcribe a larger Arch 
than it would have done. And, the Effects of the Forces by 
which they act thus upon each other, like thoſe of Action and 
Reaction, will be equal. It remains to determine theſe Effects. 

In order to which, parallel to LI draw MN, and let the 
equal Spaces LM and IN be thoſe the Bodies would move over 
in the leaſt Time poſſible, had they been independent of each 
other. And let the Archs LR and IP be thoſe which the Bodies 
join'd to the Rod deſcribe in the ſame Time. For the Reaſon 
juſt mention'd, the former of theſe viz. LR, will be larger, 
and the latter, viz. IP, will be leſs than LM or IN; and the 


Arch which the Center of Oſcillation deſcribes will be equal to 


LM or IN, becauſe the Center of Ofcillation deſcribes that 
Arch, which the Bodies would deſcribe in the ſame Time, if 
they were both together, and neither of them an hindrance or 
furtherance to the other. Conſequently the Center of Oſcilla 
tion is at V, where the Lines MN and PR croſs. | 


Now the Motion which the Body I loſes by being retarded, 


is its Motion over the Arch PN ; and the Motion the other Body 
gains by being accelerated, 1s its Motion over MR : The Force 
or Moment of the firſt of theſe Motions, is the Product of the 
Body I multiplied by the Space PN; and the Force or Moment 
of the laſt is the Product of the Body L multiplied by the Space 
MR. Theſe are the Forces, Moments or Actions, which retard 
the one Body, and promote the Motion of the other. But ob- 
ſerve, that theſe Forces or Moments, in as much as they act at 
different Diſtances from the Center C, about which the Bodies 
J and L. when the Pendulum ſwings, do revolve ; have each 
their Mechanical Advantage ; but the one a greater than the 
other: For inftance, L has an Advantage which is as LC, its 
Diſtance from the Fulchrum C; and I only the Advantage IC. 
As then in determining the Effect of a Power applied to a Lever, 
we multiply it by its Diſtance from the Fulchrum ; ſo the above- 
mentioned Forces or Moments (viz. I multiplied by PN and L 
multiplied by MR) muſt be multiplied by their reipective Diſ- 
tances from C; and then we have I multiplied by PN multiplied 
by IC, and L multiplied by MR multiplied by LC for the Ef- 
fects, which, as things are citcumſtantiated, thoſe Forces or Mo- 
ments have upon the Bodies I and L. But, as obſerved above, 
thoſe Effects are equal, conſequently we have for the firſt Step 
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The Center of Percuſſion is that Point in à 
Pendulum, or in an inflexible Rod moving 


[ X PNXIC=LXMRXLC 


and MRY are fimilar,} } | 
_ conſequently 2 PEN: MR:: PY: R 
Comparing the two laſt 3 I xPY XIC==LX RY XLC 
Or taking the Pendulum} | 
in the Situation CPR, ] 
in which I coincides 
with P, and L with R, 


we have 4|PXPYX PC=RXRYX RC 
Or, which is the ſame | . 
thing SJAXAQ xAC=F xFQ xFC. 


That is, in Words, if one of the Bodies were multiplied by 
its Diſtance from the Center of Oſcillation, and the Product ari- 


ſing from thence were multiplied by the Diſtance of the ſame 


Body from the Center of Suſpenſion, this laſt Product would be 
equal to the Product of the other Body multiplied by its Diſtance 
from the Center of Oſcillation, multiplied by its Diſtance from 
the Center of Suſpenſion. And, fince the fame would be true 
if there were more Bodies, if each Body be multiplied by its 
Diſtance from the Center of Oſcillation, and that Product by the 
Diſtance of the ſame Body from the Center of Suſpenfion, all 
the Products relating to the Bodies on one Side the Center of 
Oſcillation taken together, will be equal to all thoſe which re- 
late the Bodies on the other Side thereof taken together. Let 
then the Diſtances of any Number of Bodies, as A, B, D, F, 
from the Center of Suſpenſion be called a, 6, d, 70 reſpectively, 
and the Diſtance of the Center of Oſcillation Q from the Center 
of Suſpenſion C, be called x : And ſuppoſe the Diſtances of the 
Bodies A, B, D, leſs than the Diſtance CQ. or x; and that of 
the Body F greater, as in the Figure: Then will the Diſtances 
of A, B and D from the Center of Oſcillation be expreſlible b 
x—8, x—b, and x—4d; and the Diſtance of F, by -x * 
tiplying then each Body by its Diſtance from one Center, and 
the Product ariſing therefrom by the Diſtance of the ſame Body 
from the other n we ſhall have Aax — Aaa + Bbx — 
B 1 — Dad Fr FF — Ex, which reduced gives x = 
Aaa Dad + FF b — 

A D T7. Which latter Equation is the Senſe 
of the Rule above laid down. 
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round a Point, with which, if the Pendulum 
or Rod ſtrikes againſt an Obſtacle, no Jar or 
Shock at the Point of Suſpenſion ſhall be oc- 
caſioned thereby. | 


Thus, let CF (Fig. 8.) be an inflexible Rod, 


having the Bodies A, B, D, Sc. fixed in it 


at the Points A, B, D, gc. and let O be an 
Obſtacle againſt which, as it vibrates or ſwings 
round the Point of Suſpenſion C, it may 
ſtrike againſt : then, if there be no Jar or 
Shock occaſioned thereby at the Point C, the 
Point that ſtrikes againſt O, (as the Point Q. 
ſuppoſe) is called the Center of Percuſſion. 


PROP O$S1IT10O N. 


The Center of Percuſſion is the fame with 
the Center of Oſcillation; and conſequently 
may be determined by the ſame Rule (e). 

| PRO B. 


(e) Dem. From the Definition of the Center of Percuſſion 
above laid down, it appears, that the Forces, with which the 
Bodies A, B and D, which would paſs above O, move; muſt 
be a Counterbalance to the Force of the Body F, which would 
paſs below it: and that the Force of F muſt be a Counterbalance 
to them. But the Forces wherewith thoſe Bodies move, are as 
their Maſſes multiplied by their Diſtances from C, their Velo- 
Cities being as theſe Diſtances. Farther, when the Point 
comes to O, and is ſtopt there, the Bodies A, B and D, en- 
deavouring to. go on, ſway or bear againſt F, and F againſt 
them; ju as if they were fixed to a Lever, as AF, having its 
Fulchrum at Q. Conſequently the Forces of the former Bodies, 


ſo far as they a& againſt the latter, are as their Diſtances from 
the Point Q; and the Force of the latter, ſo far as it acts _ 
| — 8 
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Let it be required to find the Center of 
Oſcillation, or Percuſſion of an inflexible Rod 
AB (Fig. 9. as a Bar of Iron, or the like) 
every where of equal Size, and vibrating in, 
or reyolying round the Point A, as a Center of 


Suſpenſion. () 


the former, is as its Diſtance alſo from Q: the abovementioned 

Forces muſt therefore be multiplied by the Diſtances of the 
Bodies from Q: but the former of them, as obſerved above, 
balances the latter; and the latter them. So many therefore of 


the laſt Products as relate to the Bodies above Q taken together, | 
muſt be equal to that which relates to the Body (or Bodies) below | 


it, But the like Produfts were equal to each other, when the 

Point Q was looked upon as the Center of Ofcillation (as in the 

2 Step of the foregoing Proceſs) conſequently the Center of 
ercuſſion is the ſame with that of Oſcillation. Q. E. D. 

(f) Slut. Imagine the Rod to be divided into the leaſt poſſi- 
ble Parts B, C, D, &c. each of which call One. Theſe Parts 
we may conſider as ſo many Bodies contiguous to one another; 
ſo that the Center of Ofcillation or Percuſſion of theſe Bodies 
will be the Center of Oicillation or Percuſſion of the whole Rod. 
To find this, we are by the Rule above laid down in the 'Text, 
to multiply each of theſe Bodies by the Square of its Diſtance 
from A. The firſt of theſe Products then will be B (or One) 
multiplied by AB ſquared ; but one multiphed by AB ſquared, 
is the {ame with AB ſquared ; now AB ſquared is a ſquare Area 
or Surface, one of whoſe Sides is AB. In like manner the 
Body C, when multiplied by the Square of its Diſtance from A, 
1s a Square Area, one of whoſe Sides is AC, ſomewhat leſs than 
the former. Imagine this Area laid upon the former ; and the 
next, Which will be leſs ſtill, laid upon that; and ſo on till 

ou come to the leaſt of all; Theſe will make a Pyramid, whoſe 
ſe is the firſt Area, and its perpendicular Height will be 
equal to the Thickneſs of them all together; which "Thickneſs 
will be as the Length of the Line BA. The Value or ſolid Con- 
tent 


7 1 


- 


APppENDIx to Part I 19 


tent of this Pyramid will be ABg (viz. its Baſe) multiplied by 
a third Part of AB (its perpendicular Height). In the next 
Place'we are to multiply each of thoſe Bodies by its Diſtance 
from A: Now the Body B (or One) multiplied by AB, give a 
Line, as AB; ſo the Product of C, multiplied by its Diſtance 
AC, give a Line, as AC; theſe Lines heaped one upon ano- 
ther (as the Areas were before) will make a Triangle, whoſe 
Baſe will be AB, and its perpendicular Height alſo AB ; the 
Value, or Area of which, will be AB multiplied by Z AB. In 
the laſt Place, by the Rule, we are to divide the Sum of the 
Products in the firſt Caſe, by the Sum of the Products in the 
latter; that is, the Content of the Pyramid by the Area of the 
Triangle ; that is, Ag x AB, by AB x AB, which gives 
34; that is, 2 AB, or two Thirds of AB: fo that the 


z 
Diitance of the Center of Oſcillation or Percuſſion, (as E ſuppoſe) 
from A the Center of Suſpenſion, muſt be equal to two Thirds 
of AB, the whole Length of the Rod. Q. E. I. | 
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